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THE MATHEMATICAL GAZETTE 
OLD TRIPOS DAYS AT CAMBRIDGE.* 


By Pror. A. R. Forsytu. 


My purpose this evening is to submit to you an outline sketch of 
the general course and the circumstances of mathematical study at 
Cambridge in my student days between fifty and sixty years ago, 
It does not set out to be an estimate of the state of mathematical 
knowledge at that date. It is not a comparison (or would contrast 
be the better word ?) between the empirical natural philosophy then 
in vogue and the rather speculative (slightly Aristotelian) physical 
theories that now absorb a small world of seekers after new Truth. 
It is only a picture of that academic life as it then appeared to an 
unfledged student, now drawn as faithfully as memory will allow. 


3. 


A beginning may be made by naming some of the men of mark 
at Cambridge in that day. 

There was Stokes, who held the chair that once was Newton’s: 
the successor of Young, Poisson, Fresnel, in the line of mathematical 
physicists (to be followed, in my judgment, by Horace Lamb who 
died recently). We knew some of the work of Stokes, published 
many years earlier, on the sums of periodic series. But we could 
not then know how much work, silent in its anonymity, fell to him 
as Secretary of the Royal Society in saving the T'ransactions of that 
learned body from the occasional paradoxes of less accomplished 
physicists. Nor could we know then that he was the scientific 
Master of Sir William Thomson—the title of respect with which 
Kelvin, to his latest days, was wont to describe Stokes in public 
references. We students attended one course of his lectures—on 
Physical Optics: it was the single professorial exception allowed, 
even enjoined, by tutors of all grades—and delightful the lectures 
were, none the worse because they were of no profit in a Tripos 
Examination. 

There was Cayley, deemed a wonder in pure mathematics, not 
then held in favour at Cambridge. He had achieved marvels in 
analysis and high algebra, all beyond us: marvels in the geometry 
of curves and surfaces, in a range of which we knew nothing ; also 
in the beginnings of the hypergeometry of ideal space: Maxwell 
described him as the man 


Whose soul, too large for ordinary space, 
In n dimensions flourished unrestricted. 


Even our college manciple, a fine character in an old-world type 
of college servants, had his own appreciation of the great man : one 
day, when expounding some of the glories of Trinity to passing 
visitors; he halted before Cayley’s picture in the dining-hall and 
solemnly assured them “ he’s that exact, he could take the earth 


* An address to the South-West Wales Branch of the Mathematical Association, 
Swansea, 2nd March, 1935. 
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in his hand and tell you its weight to a pound”’. Not for under- 
graduates was there to be attendance at Cayley’s lectures, any one 
of which often contained results his research had obtained only since 
the preceding lecture ; there, he never gave a thought to the Tripos : 
and rarely indeed did examiners pay the least heed to Cayley’s work. 
But there was one rather wayward undergraduate of my year who, 
greatly daring, went to a course of lectures by Cayley: he had 
gone with the acquiescence of his college tutor, to the surprise of 
one or two lecturers of his college, and against the prudent warning 
of his coach that such expenditure of time would be unprofitable 
for the Tripos. That undergraduate was out of his depth after a 
few minutes of the first lecture: he took what notes he could : 
sought information somehow : delved hard (and often unwisely) in 
strange places, with a determination to learn something in that range 
of knowledge ; and he then succeeded in making a beginning of the 
pure mathematics which, in varying forms, has absorbed a large part 
of a life that has not been idle. 

There was Adams. He had discovered the planet Neptune thirty 
years earlier, by a great and long-sustained calculation first conceived 
by him when he was an undergraduate. We knew something of the 
inadequate treatment of his work in 1845 meted out by Airy, who 
had passed from Cambridge to Greenwich and who still was Astrono- 
mer Royal in our day. But the work of Adams was not for us: he 
had passed into the limited cohort of great classics, whose works 
are not read but to whose names men pay a willing, if uncritical, 
homage. Seemingly unambitious, he moved supreme in his own 
domain and was known to us as Father Neptune. Diligent in re- 
search, he did not publish much, but all the published work was 
sound: his main satisfaction appeared to be the attainment of 
knowledge. Thus, when G. W. Hill’s work in the lunar theory first 
became known, Adams was found to have all the main results in 
his own possession, even to familiarity with those infinite deter- 
minants which long deterred even the most courageous souls. 

We saw Maxwell, intellectually known to be great : we could not 
surmise how much greater he was yet to become even than the 
reverent estimate of an awakening world. His great treatise (Hlec- 
tricity and Magnetism) was still fairly recent : its range seemed to 
have little in common with the electricity of the blackboard and 
the examination paper: indeed, many of the students (I was one) 
could then hardly tell—except in a glib vocabulary sufficing for the 
examination—the difference between a conductor and a condenser. 
And I have heard Maxwell lecture, a declaration that now can be 
made by few: for he died in 1879, while still in the prime of life as 
men count years. 

On rare occasions we saw Sir William Thomson, who professed 
at Glasgow : known to some of us by name, well known to students 
who had come to Cambridge from his classes at Glasgow. (In my 
day, many of the best Scots students came on to Cambridge from 
Glasgow, from Edinburgh, from Aberdeen, after a distinguished 
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home-career.) I happened to know about Thomson also as the 
electrical engineer of the first successful Atlantic cable : for, in the 
mid-months of 1877 before going into residence at Trinity, I had 
been on the ship which was laying a cable between Marseilles and 
Bona; and on board that ship, at every turn, the electrical staff 
cited the name of Thomson. It was only years afterwards, when 
Stokes and J. J. Thomson and I were the official delegates of the 
University of Cambridge at the Kelvin Jubilee, that I learnt an 
earlier incident connecting three of the great men who have been 
mentioned : when the very young William Thomson had been a 
candidate for the Glasgow chair fifty years earlier, one of his testi- 
monials came from Mr. G. G. Stokes and one from Mr. A. Cayley. 
Also, Thomson (with Tait) was joint author of that book on Natural 
Philosophy which, as “ 7' and T””’, was a guide to a few men in each 
generation of Cambridge students. 

There were other names known to us, but as yet only names, 
Such was Sylvester, who, at the age of sixty-three and after a varied 
life, had just gone to the Johns Hopkins University, and who, when 
he was on the verge of seventy, returned to vivify Oxford disciples 
with his zeal for research. There was Salmon, the friend of Cayley : 
he had not yet completely passed from mathematics to theology 
where he made a second fame: he was the author of that book on 
Conics which, to us, was almost a mathematical Bible. We gathered 
that Cayley, Sylvester, Salmon, were a world-triumvirate in a dark 
continent of invariants: Hermite’s name was mentioned occasion- 
ally : the name of Gordan must have been unknown save to the 
very elect. By middle life, it was my privilege to have become 
acquainted with all of them personally, except Hermite, and from 
Hermite there came letters of appreciation beyond value : all that 
acquaintance now is an abiding memory. 

Others also there were, though not deemed of the same high rank 
in our youthful minds. (I am not framing an estimate of their 
achievements in our science : only the very youthful, and the rather 
omniscient, can proceed fearlessly to such a task.) There was Henry 
Smith of Oxford. There was Clifford, who had only recently left 
Cambridge for London. There was Lamb, who had only recently 
gone to Adelaide, and whose book on hydrodynamics (then a slight 
volume, being an exposition of lectures he had given at Trinity) was 
the first English book that revealed a use of the complex variable 
in mathematical physics: let me add that it was an age when the 


use of 4/—1 was suspect at Cambridge even in trigonometrical 
formulae. There was Greenhill, whose early papers were a develop- 
ment of such work revealed by Lamb. There was Glaisher of my 
own college, one of the best of lecturers, full of enthusiasm about 
differential equations and elliptic functions and the method of least 
squares. There was W. D. Niven, also of Trinity, an interpreter of 
Maxwell’s work : his lectures gave every man as much labour as 
Cayley’s course had given me. There were Burnside and Chrystal, 
of a then recent year: Burnside, still at Cambridge, had yet to 
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graduate from applied mathematics into pure mathematics : Chry- 
stal, just gone to St. Andrews and soon to succeed Kelland at Edin- 
burgh, had achieved a reputation by his Encyclopedia article on 
“ Electricity ’’, and was yet to be a pioneer in pure mathematics. 

And there were others: even of mathematicians, I do not pre- 
tend to cite all the names held in honour in the limited range of a 
student’s knowledge : in ancient words, they were “ men of learning, 
honoured in their generations, a glory in their days: some have left 
aname behind them : and some there be which have no memorial ”’. 
In diverse ways, and in varying degrees, they were an inspiration 
to the students of that epoch now more than half a century ago. 

Such were the Great Ones on the heights or the upland slopes of 
our mathematical Olympus: what of the multitude of students on 
the plains below ? We existed in the downland, seldom raising our 
eyes to the topmost ridges, hardly qualified for fit worship even if 
there were either wish or will. Some students of that day were, in 
their turn, to carry on the legendary torch of learning, though, then, 
all was mainly promise. We had any amount of youthful con- 
fidence, and more than any amount of exuberant prophecy, as to 
what was sure to happen: but sometimes the confidence waned as 
the hour of performance drew near ; and old unfulfilled prophecies 
are forgotten. 

Yet there were some—again let me repeat that I am recalling the 
young men, for the most part, within our own range of study—some 
who, even then, seemed assured of future greatness and would never 
need to abide challenge. There was J. J. Thomson—at that time, 
and down to this day, known as J. J., in general respect and general 
affection. His personality stood out : we felt that he was framed in 
an intellectual mould different from ours: he had our worship as 
completely as Alfred Lyttelton and A. G. Steel (who were our con- 
temporaries) had secured adoration in the world of cricket. There 
was Charles Parsons, great son of a distinguished father: he was 
absorbed in his models of swiftly-moving machines almost in antici- 
pation of his turbines, a genius not of the conventional type that 
obtains early academic recognition. There was Hobson: he was, 
of course, bound to be Senior Wrangler: could a mathematical 
undergraduate in that school conceive a nobler pinnacle of fame ? 
There was Karl Pearson, looking a fair-haired Norseman, apparently 
ready for anything, trying many things in happy fact, not respectful 
to conventional thought, perhaps not always too respectful to con- 
ventional persons. There was Micaiah Hill, who might go far, in 
our view, though whither was beyond our prescience : he did much 
for our science, and more for the University of London. There was 
Larmor, an outstanding representative of the Irish genius, silently 
noted for coming greatness, an expectation amply realised in his 
scientific life. One other name may fitly be mentioned here: he 
then was merely one of the horde of mathematical students, not 
more noticeable than scores of others. Later, by judgment, and 
thought, and no little calculation, he solved the indeterminate 
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problem of feeding a whole nation in the sternest stress of war. 
The name of David Thomas, Lord Rhondda, has its place of honour 
on the beadroll of the benefactors of his country at an epoch of 
danger. There were younger men too: G. B. Mathews and White- 
head in one year: William Bragg and W. H. Young in the next. 
But on these I do not dwell: partly because, in the year after my 
own graduation, there came a change in the whole system, which 
(though not so recognised at the time) really was the end of a long 
and ancient chapter in the history of English mathematics. 
Between the great professors and our unfledged selves there was 
nothing in common, absolutely nothing, strange as such a declara- 
tion may seem. They did not teach us: we did not give them the 
chance. We did not read their work: it was asserted, and was 
believed, to be of no help in the Tripos. Probably many of the 
students did not know the professors by sight. Such an odd situa- 
tion, for mathematical students in a University famed for mathe- 
matics, was due mainly, if not entirely, to the Tripos and its 
surroundings which, as undefined as is the British constitution, had 
settled into a position beyond the pale of accessible criticism. 


Il. 

Let me summarise, briefly, that position in the University. In early 
days, there was only a single test for the bachelor’s degree at Cam- 
bridge. By the beginning of the eighteenth century, the test had 
been systematised into what was called the Senate-House Examina- 
tion, largely mathematical in range, with more than doubtful Latin 
as the medium of expression. In 1824, a new examination in what 
we call classical learning (the language and literature of Greece and 
Rome) had been instituted ; and from that date the old Senate- 
House Examination was called the Mathematical Tripos (the word 
Tripos itself being of ancient usage at Cambridge). But every candi- 
date for admission to the new Classical Tripos must have qualified 
in the Mathematical Tripos : such was the ordinance. Macaulay’s 
omniscient schoolboy: (or does nobody read Macaulay’s Hssays now 4) 
will remember how Macaulay himself failed to qualify: the Tre- 
velyan biography contains a sympathy-begging letter to his mother 
in which, on the eve of some examination, he complains that 
Milton’s descriptions of Heaven and Hell alike have been driven 
out of his head by two abominable trigonometrical formulae, which 
he quotes (one of them wrongly) as evidence of their foul character. 
Macaulay failed in his mathematics and had to be content with a 
poll degree—an instance, not a solitary instance, of the occasional 
ironies of academic records. 

By that date the Tripos had become a venerable and venerated 
institution: it had acquired the characteristics of an ancient 
establishment: in spite of modifications, it retained some of those 
characteristics even in my own day. Bear in mind that the 
years of the eighteenth century, when the examination was settling 
into shape, were not far removed from the Newton-Leibnitz con- 
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troversy about the differential calculus. Partisans in science can 
be as fierce as partisans in theology, though happily in our day they 
wield no spiritual weapon of excommunication. In patriotic duty 
bound, the Cambridge of Newton adhered to Newton’s fluxions, to 
Newton's geometry, to the very text of Newton’s Principia: in my 
own Tripos in 1881 we were expected to know any lemma in that 
great work by its number alone, as if it were one of the com- 
mandments or the 100th Psalm. Thus English mathematics were 
isolated : Cambridge became a school that was self-satisfied, self- 
supporting, self-content, almost marooned in its limitations ; and 
gradually it developed a special organisation the like of which has 
never appeared in other countries. The professors of the Univer- 
sity did not examine : the lecturers of the colleges never examined, 
as teachers: the University did not, in any way, prepare its own 
students for its own examinations. But a new profession arose— 
not officially recognised: open to all, for there was neither a test of 
admission nor means of exclusion: that of the private coach. He 
made it the business of his life to prepare candidates for the exami- 
nation. The University, correctly impartial, chose the examiners 
on the successive nominations of the colleges in a statutory aute- 
matic cycle, established for the appointment of the proctors who 
were best known to us as the active disciplinary police of the Uni- 
versity. Thus the examiners changed from year to year. But the 
private coach was continuous. He accumulated experience and 
skill: he sifted all examination papers, recent and old alike: he 
codified mathematical knowledge into small tracts or pamphlets, 
kept in manuscript as his own private prescription for his own set 
of students. Thus it came about that there were relatively few 
books : Euclid of course: textbooks on algebra, or trigonometry, 
in a limited range, with a morbid devotion to the fascinating tor- 
tuosities of fiendish problems. It is true that Griffin, who was Senior 
Wrangler when Sylvester was second, produced a book on geometrical 
optics : and that Parkinson, who was Senior Wrangler when William 
Thomson was second, produced an edition of that same book (it was 
in use in my time) with pictures of telescopes which had the sim- 
plicity of coffee-canisters. But it was upon the coaches that teaching 
depended : in their profession, they condensed available knowledge 
into potted abstracts; and so there were tabloid manuscripts on 
heat, on light, on sound, on lunar theory, on planetary theory, on 
practically every subject included in the Tripos schedule. The 
examination questions fell out of the unknown upon candidates : 
the private teaching devoted its powers to a preparation of students 
to face new conundrums by solving all that were old. Thus the 
continuous coaching gradually established a learned profession ; and 
the Tripos became practically a game preserve for the coaches. 

Yet do not imagine that the result was a mere fossilisation of 
eighteenth-century ideas and methods. Such a tendency had shown 
itself at the beginning of the nineteenth century. The dot-notation 
and the notions of fluxions had full sway ; and, in Cambridge, the 
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differentials of the type dx, pervading continental mathematics, were 
avoided if not implicitly banned. One group of men—the leading 
spirits among whom were Whewell, Peacock, Babbage, and Herschel 
—fought the tendency by protest, by argument, by work ; and 
one outcome of their action was to admit the differential calculus 
or, in the phrase of Babbage, to substitute pure d-ism for the dot-age 
of the University. How complete was the change may be gathered 
from even the single fact that Pollock, the Senior Wrangler in 1806, 
later a Fellow of the Royal Society, never acquired the differential 
calculus. 

Gradually, however, the coaching system was firmly established : 
in the teaching, the coaches were all-dominant, almost the sole 
agents, because nearly all the college lectures were concerned with 
preliminary subjects. Happily for Cambridge and for mathematics, 
there were superb teachers engaged in the systematised round ; and 
among all their names two survive in historic prominence, William 
Hopkins and Edward John Routh, both of Peterhouse. Hopkins 
was the leading coach through the period in which Sylvester, Green, 
Stokes, Cayley, Adams, William Thomson, Todhunter, Routh, 
Maxwell, graduated : a marvellous roll of pupils. As Hopkins re- 
tired, Routh took his place, apparently by natural merit. He had 
begun by taking the pupils of W. J. Steele—once described to me 
by Tait as the greatest mathematical teacher who ever lived—when 
Steele was ill: and Steele died all too soon. Routh produced a 
Senior Wrangler, if production be the proper word: he went on 
producing Senior Wranglers, some twenty-seven or twenty-eight in 
succession. 

When I was an undergraduate, Routh was supreme: though 
supreme, he was not alone. There were other coaches of high repute, 
his contemporaries. There was Percival Frost : some of you may 
know his Solid Geometry, a few may know his Curve Tracing, probably 
none will have known his Newton, I, IJ, III. There was Isaac 
Todhunter, whose textbooks blazed a new development in the 
teaching of mathematics in the country, and whose more ambitious 
works (such as his History of the Theory of Probability) endure as 
authorities of reference. There was William Besant (the name of 
his novelist-brother, Walter Besant, was better known to the large 
world outside Cambridge), the last of the old school devoted to 
fluxions, whose re-edited book on hydrodynamics still has its vogue 
with students and teachers. All these had been elected Fellows of 
the Royal Society. There was one, much junior in standing, a 
superb teacher, a man (as I believe) whose powers would have taken 
him far as a pioneer into the domain of new knowledge had they 
been devoted to research rather than coaching—R. R. Webb, the 
earliest of the old Senior Wranglers now alive. Let me mention one 
other name in this hierarchy—my old friend, R. A. Herman, who 
died a few years ago, a man of unusual manipulative skill, a great 
and stimulating teacher, the last of the great coaches. Their names 
remain in the history of Cambridge mathematics. 
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Il. 


Just as in the early years of the nineteenth century, there had 
been an upheaval affecting the character of the methods, so in my 
time as a student there was the beginning of another upheaval 
affecting the range of subjects to be studied. The theory of thermo- 
dynamics was coming to the front: with the beginning of its 
activity the name of William Thomson must be associated ; and 
it is not yet exhausted. The theory of gases was claiming attention 
—the names of Maxwell, Clausius, Tait, Boltzmann, need only be 
mentioned: the spirits of Clausius and Tait secured a more than 
ample measure of resounding controversy. More silently, more 
surely, more steadily, and with results ranging beyond the imagina- 
tion of that day, Maxwell’s mathematical presentation of Faraday’s 
work and his own mathematical developments were revolutionising 
the systematic treatment of all electrical theory. The initial in- 
fluence, exercised by these changes upon Tripos study and exami- 
nation, was small: here a minute fragment, there a tiny snippet, 
just as beginnings. But all this new work was outside the range 
and beyond the familiar knowledge of the coaches. 

Some of the older subjects remained in the vigour of full demand. 
Astronomy—then a range of study almost enjoined as a pious duty 
in the academic home of Newton, and even fortified in its claim by 
the achievement of Adams in the discovery of Neptune—held a 
double sway. On one side, there was the mathematics of the geo- 
metry of the heavens and the description of cosmical phenomena 
connected with time, together with all the associated instruments 
and their correct use. On another side, it was still the matter of 
active investigation in the motion of the heavenly bodies and the 
stability of the universe, in the figure and the pulsations of the 
earth, in the lunar and the planetary theories. Light found devotees 
(was not Stokes a living authority ?): the corpuscular theory had 
not yet begun to recover from its old dethronement ; and the wave- 
theory reigned unchallenged. Sound was a staple subject : in the 
Cambridge treatment it lent itself to varied mathematical results, 
picturesque in form though not contributory to progressive know- 
ledge, and unrelated to the recent physiological work of Helmholz : 
though, in addition to the examination treatment, Rayleigh’s great 
treatise had just come to our hands if we would but read. Heat 
(that is, conduction of heat) had pride of place: it lent itself to 
beautiful conundrums in the guise of mathematics ; and there were 
attractive formulae not yet arithmetised. Sir William Thomson, in 
one of his frequent fervid moods, had declared Fourier’s Treatise to 
be a poem: we mathematical undergraduates did not pretend to 
be appreciative critics of poetry in any disguised form, but we read 
unpoetic condensations in tabloid fragments ; especially were we 
drilled in the use of Fourier series with their ever-new surprises and 
sudden pitfalls ; and Stokes’s early papers were our sole source of 
critical treatment, usually ignored. Rigid Dynamics (including the 
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dynamics of a particle and, strange paradox under such a title, in- 
cluding also the vibrations of strings and bars and plates) claimed 
a general allegiance. In that range, principles were few and details 
were multitudinous : Cambridge examiners had an unlimited field 
for the practice of their ingenuity : bodies could, at will, be made 
to slip or roll or slide under a friction the amenable quality of which 
even prodigal Nature could have envied. Particles were made to 
describe arabesque paths under fantastic laws of force never 
imagined outside an examination paper. And occasionally, almost 
like a concession. to the high-brows, there were scattered patches of 
theoretical dynamics which, containing little dynamics, seemed a 
welter of differential equations. 

These were subjects on the grand scale. You may have noted 
that all of them belong to the domain of applied mathematics, at 
that epoch in Cambridge still styled Natural Philosophy. 

Such pure mathematics as could be discovered in the course was 
usually made ancillary to this Natural Philosophy, when once beyond 
the rudimentary stages. Thanks to Salmon, many students knew 
their analytical conics. Thanks to examiners like Wolstenholme 
(whose volume of problems, in a more expansive and more formal 
continental setting, could have been deemed a varied contribution 
to research), many of us became even skilful in solving the wiliest 
conundrums. The algebra and the trigonometry (there was no 
“ analysis ’’ in the modern sense) belonged to the old school, the 
very old school : the proofs, such as were current about the Binomial 
Theorem, would stir the explosive contempt of the critical mathe- 
maticians of to-day. Nor was the calculus any better in its founda- 
tions: I can remember a college question, set years after my student 
time, “‘ Define a function, and prove that every function has a dif- 
ferential coefficient ’. The marvel is that our blunders were not 
greater in number and more atrocious in quality. We were saved, 
partly by the unconscious benignity that limited the range of appli- 
cation of results; partly by a rough intuitive appeal to physical 
principles which could expose an error in application but could not 
construct the correction ; partly, even perhaps, because our mentor 
shared all our blunders. 

There was a special devotion to an ancient and limited geometry: 
to Euclid, not the old man, but to the Simson-Todhunter presenta- 
tion: to Geometrical Conics, a tessellated pavement of scrappily 
short proofs of properties of the ellipse and the parabola, with the 
hyperbola rather clumsily lurking in the background : and. to what 
was called Newton. This was not the great Principia which, indeed, 
few of us saw: certainly the first time I ever saw that work was 
when a copy of the Glasgow edition, duly bound and stamped, came 
to me as the then usual bonus additional to the Smith’s Prize. What 
we had was an English translation, doubtless accurate, certainly ovel- 
loaded with a bewildering heap of peddling minutiae, not unworthy 
of ancient grammarians as they dwelt on the letter of sacred texts. 
Even so, we never attained to the applied mathematics of that work: 
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le, in- we were restricted to the rudiments of a geometry of infinitesimals : 
aimed and we did not know that Newton had specially devised this geo- 
details metry to avoid the use of the analytical calculus which had been 
d field his original weapon of research. The Anglicised form of these New- 
made tonian Lemmas and their proofs had to be set out by us with almost 
which the same meticulous verbal accuracy as was exacted in so-called 
ade to Euclid proofs. Finally, in the earlier section of the Tripos Exami- 
never nation (officially described as “ qualifying for honours ”, commonly 
almost known as “the three days”’), there was a rigid rule against the 
ches of explicit use of a differential coefficient and of an integration-process : 
med a we might substitute x+h for x and subtract, dodging onwards to 
the satisfaction of the examiner: we might use a Newton curve, if 
noted we could devise it, to effect a quadrature : but never might we use 
tics, at d/dx or the f-sign of integration which were taboo. 
A few words more in amplification of a remark already made, in 
Be Was connection with the position of pure mathematics in the Cambridge 
veyond studies in our day—that (except as occasional exercises in intel- 
3 knew lectual gymnastic) they were ancillary to applications in Natural 
iholme Philosophy. Not long before my time there was a curious instance 
formal of this requirement of servitude. Airy, who had been a professor 
ibution at Cambridge and had written useful Tracts, made it a public re- 
wiliest proach against Cayley that he had used partial differential equations 
vas no of the third order; and by way of driving the reproach home, 
ol, the declared that such equations of the second order marked the limit 
nomial of the subject worthy of consideration, because they were the utmost 
mathe- that were required in natural philosophy. Cayley’s reply—gentle, 
ounda- and courteous of course, but definite equally of course—was that, 
student in such a matter and in kindred matters, he was performing the duty 
sa dif- enjoined by the statute on the holder of his professorship, “ to 
ere not explain the principles of pure mathematics”. Airy had been think- 
saved, ing of the natural philosophy of his own earlier day : his riper years, 
f appli- devoted to astronomy, were spent in the administration of Green- 
hysical wich Observatory : and Maxwell’s published papers (to cite nothing 
uld not else) might have revealed to the obstinate conservative the anti- 
nentors quated character of his scientific dogma. 
Let me return to the course of a mathematical student. In that 
~_— course, pure mathematics, as a systematic range of ordered know- 
-esenta- 


; ledge in many subjects of diverse content, received scant attention. 
rappily The theory of numbers was represented by one chapter of snippets 
‘ith the in Todhunter’s large book on algebra ; it was deemed to be covered 





Lo what by a single lecture ; and we never even heard of a congruence, the 
indeed, very sign of which was appropriated for another purpose, let alone 
ork was any work by Gauss. The theory of invariance was ignored beyond 
d, came a sidling admission of some geometrical properties of conics and (for 
_ What a few select adventurous minds) similar properties of quadrics. 
ly over- Differential equations were either catchy numerical examples of 
worthy afew standard forms—mere trivialities—or they were the equations 
: pe of mathematical physics, each treated by an isolated method to its 
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own issue. The theory of functions, in any form, was absolutely 
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unknown even in title. The imaginary i was suspiciously regarded 
as an untrustworthy intruder. The complex variable (a phrase that 
had not then penetrated to Cambridge) was described either as 
imaginary or as impossible ; it compelled recognition as a root of 
a quadratic equation, or a cubic, or a quartic; and when I went to 
Cayley’s lectures for one term in my third year, at the beginning 
the very word plunged me into complete bewilderment. A scrap 
of elliptic functions had been introduced to the Tripos—the scrap 
yas too much for the coaches ; we were fortunate at Trinity with 
tlaisher, as was St. John’s with Pendlebury: but from the Tripos 
standpoint the subject was a cross, between a trigonometry with two 
cosines and Legendre exercises on elliptic integrals regarded as 
beyond evaluation : while double periodicity was established as a 
thing all by itself, and was left in the air as isolated as the coffin 
of Mahomet in the legend. Cayley and Salmon had made vital con- 
tributions to analytical geometry beyond conics and quadrics, and 
Salmon’s books reposed on the shelves of college libraries. But only 
mathematical wanderers, the Esaus and the Ishmaels of the Tripos, 
knew even a fragment of such novelties ; and differential geometry, 
save as an exercise in differential calculus, was out of bounds because 
Tripos questions were never set! Occasional attention, by indi- 
vidual students who had been pupils of Tait at Edinburgh or pupils 
of Barker at Manchester, was paid to quaternions : never as a non- 
commutative algebra: always with an introductory testimonial 
from Natural Philosophy. The theory of groups was unknown, 
except of course to Cayley ; its title would have conveyed no mean- 
ing to any Cambridge student : yet nearly ten years earlier, Jordan 
at Paris had attracted to his lectures on that subject a German 
student, Felix Klein, and a Norwegian student, Sophus Lie. Per- 
haps the easiest indication of my estimate of the position may come 
from a personal confession. Something of differential equations 
beyond mere examples, the elements of Jacobian elliptic functions, 
and the mathematics of Gauss’s method of least squares, I had 
learnt from Glaisher’s lectures ; and by working at the matter of 
the one course by Cayley which had been attended, I began to under- 
stand that pure mathematics was more than a collection of random 
tools mainly fashioned for use in the Cambridge treatment of natural 
philosophy. Otherwise very nearly the whole of such knowledge of 
pure mathematics as is mine began to be acquired only after my 
Tripos degree. In that Cambridge atmosphere we all were reared 
to graduation on applied mathematics. There is no regret : on the 
contrary, I am glad to have had the varied training in that range 
of knowledge, as glad as of the classical training in schooldays : my 
reason for seeming to dwell on the topic is that it may indicate the 
main trend of Cambridge studies fifty to sixty years ago. 


uF 
And now to turn to the actual teaching of the students by the 
coaches. It was excellently devised to achieve its aim, which usually 
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was the attainment of high place in the examination ; and I believe 
that the best of the coaches could have borne triumphant com- 
parison with the best mathematical teachers at any epoch in any 
university. There must have been variations in the processes 
adopted by front-rank coaches in large practice: let me describe 
the system employed by Routh in my day. 

The word system is used deliberately. Routh had fully 120 pupils 
in my freshman’s Michaelmas term, a total which included men of 
four different standings because the Tripos examination was held in 
the Christmas vacation ; and steady work on so large a scale had to 
be systematised. It was a marvel even of physical endurance, let 
alone intellectual effort. He arranged his pupils in small classes, 
not more than nine or ten : my own class consisted of six (being of 
the same year, we presumptuously called ourselves his “ first ” class) ; 
occasionally there was one and the same seventh member. (As an 
example of Routh’s pre-eminent position in that little world, let me 
add that the said class of six were solid at the top of the list, and the 
occasional member was seventh in the list.) Each class was taken 
three times a week, on alternate days during the eight weeks of 
each of the three terms and the six or seven weeks of the Long 
Vacation ; and, in all, there were ten terms and three Long Vaca- 
tions in the full undergraduate course. Each attendance was for 
one hour exactly, never more, never less. In our class he began at 
8.15 in the morning, winter or summer ; and in his overcrowded 
Michaelmas term he would be teaching until ten at night. A very 
few minutes at the beginning of the hour were spent in a swift 
examination of exercise work; the rest of the hour was devoted 
entirely to continuous exposition of the current subject. The topics 
were treated, not in connection with general underlying principles 
that might characterise the subject, but in the way that a student 
should frame his answer in the examination. We took abundant 
notes, scribbling our hardest (we developed a wonderful pace which 
told in the Tripos) ; the notes rarely needed working up ; and the 
budget of these notes would be a small useful tract on its subject. 
Not a moment was spent in diversion, or extraneous illustration, or 
side-issues, or even examples. Routh had selected the topics in the 
whole range of subjects as he deemed best for Tripos purposes : no 
oral questions were asked because we were too busy writing : passing 
doubts had to be resolved, later, somehow: and any lack of compre- 
hension had to be supplied outside the hour by such enquiry among 
fellow-students as the student cared to make. At the end of the 
hour some questions, always riders or problems cognate to the 
subject and about six in number, were given to us: their solution 
had to be brought to the next lecture. There might be a manuscript 
to be read or to be copied—the craft of manifolding had not been 
developed ; the manuscripts, each a little tract of proofs of pro- 
positions ready to be discharged at examiners, were left in a general 
pupil-room that could be rather crowded. In regard to the not very 
humerous books—most of them being handy textbooks of a Came 
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bridge quality—there might be a few chosen passages suggested to 
the student for his reading, the information to be dovetailed into 
his lecture-notes to the best of his own power. 

Further, and this was a special feature, in every week there was 
a paper of problems only, given in common to all his students what- 
ever their standing. In one week, unlimited time was allowed for 
the solutions ; in another, the student was expected to spend only 
three hours on the paper, as though he were in the mill of the Senate. 
House. Ail the answers were handed in on the Friday or the 
Saturday of a week. On the Monday morning they had been re. 
turned to the pupil-room, together with a complete set of solutions 
by Routh, and with a mark-sheet which showed the mark-value of 
every attempt in every set of answers, as well as the respective totals, 
These totals were scrutinised by students, eager in their hope of 
ultimate high place, eager to compare themselves with one another 
and with men of senior standing. If a youngster scored well, in 
comparison with elders, he was noted; if he scored heavily in 
superiority to elders, his reputation blossomed—until it was nipped 
by his next failure. The spirit of competition had abundant 
stimulus, through these problem papers. 

Finally, throughout the earlier years, there were occasional book- 
work papers, really examination-papers of the canonical type set 
in the Tripos, each question consisting of bookwork and rider. In 
the third Long Vacation and the last term there were (I seem to 
remember) three of these every fortnight. The answers to these 
had to be written out exactly as in examination (the bookwork, be 
it noted, to be deliberately written out, for practice) ; and Routh 
examined these bookwork papers in class, very swiftly, spotting 
the deficiencies with an uncanny dexterity. Not a moment was 
wasted : no jesting or frivolous word over a blunder was ever 
spoken ; and individual attention was given in public equally and 
impartially to all. Every subject, specified in the vast schedule for 
the one and undivided Tripos at that time, was covered in the first 
three academic years and the first two Long Vacations ; the third 
Long Vacation and the single term of the fourth year were absorbed 
by revision, nothing but revision, of everything from the rudiments, 
upward and onward, in grim doggedness and unresting drill. Routh 
gave no “tips” to his students, in the usual sense of that word, 
meaning guesses at the minds of the examiners; and the little 
devices of a crammer were alien to the man and his work. He was 
concerned solely with the preparation of students for the exami- 
nation and its demands ; and anything like independence, in any 
direction of study or reading that led outside his scheme, was dis- 
couraged as a hazardous expenditure of precious time. 

So the teaching by college lecturers counted for little over the 
general course compared with the coaching. Some courses of college 
lectures were attended, especially when related to newer subjects 
that had sprung up outside the old-established range. Thus in my 
own college W. D. Niven lectured on the Maxwell-Faraday theory 
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of electricity and electromagnetism : though Routh and Maxwell 
were Senior and Second Wrangler in the same year, Maxwell’s work 
was outside Routh’s ambit. To Glaisher’s lectures in pure mathe- 
matics I have already referred. Strangely, Routh’s teaching in 
Rigid Dynamics was far from clear, falling far short of the standard 
he maintained elsewhere. He had written what was (and what still 
may be) the standard work of reference on the subject : one con- 
sequence to me was to stir a doubt (not applying to Routh alone) 
concerniig the advisability of letting authors teach the subjects of 
books they have written, where presumably they have said what 
they have deemed important. In that subject I went to a course 
at St. John’s by R. R. Webb, a master in its range : and his course 
was superb. 

And finally some of us made timid ventures outside the range of 
Cambridge textbooks. Reference has been made to T' and T", a 
storehouse for subjects such as Potential, Attractions, Elasticity. 
Occasionally French books were tried, such as Verdet’s Cours 
@Optique and Pontécoulant’s Systéme du Monde. Few of us had 
any working knowledge of German, even on a modest scale: there 
was Kirchhoff’s Mechanik, and I ploughed through a large part of 
Durége’s Liliptische Functionen. But all such ventures were ex- 
ceptional and rare: there was no advice, no wish, no leisure, to 
urge us on those paths. The coach was the autocratic director, 
often the sole director. 


7. 

What of the examination itself, the goal of all the work ? The 
examining body, five in number, had no relation to the teaching. 
Each year two persons were nominated by the two colleges who 
belonged to the pair in a rota: each nominee might happen to be 
a lecturer in his college, but equally he might be a non-resident. 
The two nominated were the moderators for that year ; they served 
for a second year with the title of examiners. The fifth member 
of the body (called the additional examiner) served for only a single 
year: always a man of distinction, but usually unrelated to the 
teaching, a sort of superior external examiner whose main duty 
centred in the latest advanced applied subjects included in the 
Tripos in the early ‘seventies, the last straw on that camel’s back. 

All the papers were set for all the candidates alike in sheer ignor- 
ation of any preferences or preparation: there were no optional 
subjects ; no picking or choosing among sets of questions, lettered 
and starred and numbered : no instruction limiting the number of 
questions to be answered. Nothing was said about full marks : they 
could be obtained only by full performance (which, let me say, would 
have been beyond the power of any examiner to achieve in the time, 
éven with a full knowledge of the answers desired). There were 
two sections of the papers: the first extended for four days: the 
second, following after an interval of a little more than a week, lasted 
for five days. 
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During the first three days of the earlier section there was a 
limitation surviving from a past age : while subjects such as statics, 
dynamics, astronomy, optics, hydrostatics, were included, the use 
of the differential and integral calculus was forbidden. There were 
questions in Euclid, to be written with the verbal rigour of an 
ancient style unknown to a modern generation. There was one 
question in arithmetic, a lonely poser: I have been told that, in 
some limited betting, long odds were always given against the Senior 
Wrangler obtaining any marks for that question. In preparing the 
list of successful candidates on this section, the examiners took 
account solely of the first three days’ answers : the list was declared 
as qualifying the included candidates for honours. No standard 
for inclusion was fixed by the University: the unframed conven- 
tion, transmitted from year to year, dared not exact a high per- 
centage ; and the competition, near the proverbial line that is never 
drawn beforehand, was keen indeed. 

The qualifying list appeared on a Saturday ; on the following Mon- 
day the second section began its five days’ run. There were eight 
papers, of the bookwork plus rider type : there were two papers of 
problems, one by each of the two moderators. Some of these might 
be “‘ do-able ” : most of them were not. They represented the in- 
ventive possibilities of the utmost range of the setter’s fancy, without 
regard to teaching, or books, or suitability, perhaps fairly described 
in Pope’s words 


Tricks to shew the stretch of human brain, 
Mere curious pleasure or ingenious pain. 


In the “ Five Days ’’, the papers nominally covered all the subjects 
in the schedule: and the schedule was framed so as to include 
nominally all mathematics, there being no Part II or Part III or 
anything but simply the Tripos. Thus each subject perforce was 
scantily represented ; all the questions ever set by an examiner, 
who had acted before, were eagerly scrutinised as though they were 
clues in a crossword puzzle. The papers were very long though there 
was a rubric requiring them not to contain more questions than 4 
well-prepared candidate could answer in the time—with an inevit- 
able inference that, in my day, there were no well-prepared candi- 
dates. In this section of the examination—the division into 
separated Parts came into operation only in 1882—the stage was 
set for the grand competition in which all the interest and the ex- 
citement centred. All the training had prepared for a struggle which 
was an academic Grand National or Derby. Many of the questions 
were set at the ablest type of candidate alone, all other types being 
then ignored ; indeed, towards the end, the very vocabulary of the 
questions belonged to an esoteric language strange to not a few of 
these successful candidates for honours. Of course, there was out- 
side gossip as to the probable result: the dinner waiters in my 
college certainly ran a sweepstake in my own year : throughout the 
colleges there was eager speculation about the coming Senior 
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Wrangler ; and such speculation was not ill-informed, because 
usually the favourite won, down to 1882. I have said, down to 
1882 ; for in those days there was only a single Tripos list, and the 
Senior Wrangler had his pride of place for the complete range of 
the study. It is true that only the men near the top of the list 
had answered a modest selection of the questions, but all questions 
were propounded unreservedly for all candidates. It often happened 
that two highly-placed men would be bracketed whose performances 
had little in common: lower down, the answers had become scat- 
tered fragments, often deserving no more than charity marks: 
in the humblest positions the differences became minute, and 
the ordered list ended in a dense ruck. But never in all the years 
had there been a bracket at the top of the old Mathematical 
Tripos. 

The last paper was set on a Friday afternoon. On the succeeding 
Friday morning in the academic centre of the University, the Senate- 
House, as soon as the great bell of St. Mary’s in a tense silence had 
tolled the nine strokes for the hour, the Senior Moderator read the 
list to an assembled mob of alert undergraduates, who had come to 
the academic Senate-House in every conceivable costume that was 
not academic. It is the moment for yet another Senior Wrangler, 
an ephemeral embodiment of success and fame : it was the moment 
also for yet another Wooden Spoon, an equally ephemeral embodi- 
ment of the economy of labour endowed with a picturesque name. 
And, almost as in a day, they faded into the past, making way for 
another presentation of the old story, as unchanging as a nursery 
tale. 

At this distance of time the Tripos seems interesting. As an 
institution it was well established ; it bore high repute inside Cam- 
bridge ; and it had a fascination for the sporting sense of a non- 
mathematical world outside. There was nothing in any university 
in the world that, for a student, was deemed comparable with the 
achievement of a Senior Wrangler. That outside world, even a large 
part of the small world resident in Cambridge, only saw a result in 
the form of an ordered list, never pausing to consider its significance 
and its influence. 

But let me say a little about the whole course, as an insider. We 
students acquired good manipulative skill, possibly more expert for 
its purpose than is acquired to-day ; but we became skilful mechanics 
rather than engineers. We were schooled indeed, even the ablest ; 
but our education was imperfect. We were drilled in the gymnastic 
that led to swift answer according to rule and pattern. In the 
examination there was no leisure to think : even during our training 
there had been little leisure for thinking, because we always were 
being taught; and independence in reading was almost a mis- 
demeanour in the eyes of some coaches. Further—and this is a 
grave charge against the style of competitive examination nomin- 
ally intended for general qualification—most of the candidates had 
only the scantiest of tests after their long training. There would 
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be a hundred or more candidates in any one year: many of the 
questions (including all that carried the highest marks) were utterly 
beyond the powers of all but a few of the hundred men ; the vast 
majority had to scramble in mark-scraping. Yet all alike were the 
academic offspring of the one Alma Mater : all were sent out to the 
world with the same badge of graduation in honours. As an in- 
stance, avowedly extreme, let me state the mere fact that, in my 
year, the Senior Wrangler had fully sixty-five times as many marks 
as the Wooden Spoon. One of the two men may have been tested 
adequately ; the other, certainly after the very earliest stages, could 
not have been tested at all; and he was not the only individual, 
out of more than a hundred men, neglected at the close of the long 
training of an undergraduate career. Any school inspector, with 
only a scrap of experience, would have denounced the examination : 
and no one, not even the Recording Angel himself, could induce me 
to believe that, except for the purpose of piling up marks in answer 
to a horde of questions, any Senior Wrangler was ever worth sixty- 
five Wooden Spoons. 

With the production of the Tripos list the association of coach 
and pupil ended. They passed out of one another’s lives ; and the 
coach returned to the same round of drill with the pupils who were 
to go through the final mill. The ablest of the men who had achieved 
an adequate measure of academic success had to begin life all over 
again, endowed with an examination facility that soon became 
atrophied in most instances in the absence of any practice. Here 
there is a temptation to embark on a discussion of the aims, the 
subjects, and the spirit, of a university education. There can, of 
course, be no single universal aim ; but to my mind, the production 
of experts, whether mathematicians or specialists of any type, ready 
for research, almost driven thither by enthusiastic mentors, should 
not be the dominating aim of any great school of thought in a uni- 
sity. Such a discussion would, however, be long-drawn-out ; and it 
would involve issues different from those which I have tried to 
describe. 

But I must not conclude this sketch of a past era without a final 
remark. Do not imagine that the old system was nothing but a 
merciless grind. Undoubtedly, it was stern in its demands. But 
it earned, and it has received, tributes of gratitude for its efficiency. 
Among its products (in so far as they have been its products) have 
been men of high distinction in State and Church and University, 
in public life, in learned professions, in the pursuit of science, in the 
advancement of learning. In my own time at Cambridge there had 
begun (though it was hardly so recognised) a ferment of opinion 
against the unmitigated domination of written examinations as the 
sole trustworthy test of ability and powers. For many years success 
in one or other of the Triposes had been the only avenue to office, 
whether professorial inside or outside Cambridge or administrative 
within the several colleges. But other qualities began to be exacted. 
My own college had taken the initiative by requiring, from a candi- 
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date for fellowship, a thesis or a dissertation as evidence of con- 
structive ability ; and the spirit of that example spread. Nowadays 
there seems a tendency to rush to an opposite extreme in proceeding 
to the selection of individuals for responsible positions. Research 
(often spelt with a capital R) is made the prominent requisite ; and 
some original production, perhaps with little enquiry as to its sig- 
nificance and seldom with any enquiry as to the inspiring share of 
a professor, becomes a dominant testimonial, occasionally to the 
comparative neglect of the indispensable qualities of human per- 
sonality. Again I must warn myself off disputable ground beyond 
the boundaries of my theme ; so let me end by commending to your 
consideration my sketch of one chapter in the mathematical history 
of a vanished age. 











GLEANINGS FAR AND NEAR. 


1009. A letter from Dr. Newcome to his one industrious pupil indicates that 
the curriculum at Hertford College was not exceptionally severe. It appears 
that, when Charles Fox was away in Paris or in London, the scientific studies 
of the other young Whigs remained in abeyance. ‘“ As to trigonometry ”’, 
says the Doctor, “it is a matter of entire indifference to the other geometri- 
cians of the college whether they proceed to the other branches of mathematics 
immediately, or wait a term or two longer. You need not, therefore, interrupt 
your amusements by severe studies, for it is wholly unnecessary to take a step 
onwards without you, and therefore we shall stop until we have the pleasure 
of your company ”’.—G. O. Trevelyan, The Early History of Charles James Fox, 
chap. ii, footnote. 


1010. You say you are not convinced by my pamphlet. I am afraid that Iam 
avery arrogant person ; but I do assure you that, in the fondest moments of 
self-conceit, the idea of convincing a Russell that he was wrong never came 
across my mind. Euclid would have had a bad chance with you if you had 
happened to have formed an opinion that the interior angles of a triangle were 
not equal to two right angles. The more poor Euclid demonstrated, the more 
om would not have been convinced.—Letter from Sydney Smith to Lord John 

ussell. 


1011. At my father’s country house, to which he had retired to pass the 
remainder of his days, being perfectly at my ease, I gave myself up entirely 
to reading the Greek and Latin writers ; exchanging, however, sometimes the 
country for the town, either for the purchase of books, or to learn something 
new in mathematics, or in music, which at that time furnished the sources of 
my amusement.—J. Milton, Defensio Secunda: Works, viii, 121, Columbia 
University Press (1933). 


1012. THroRY of APPROXIMATION. The distance between Rome and Milan 
(392 miles) will be almost to a yard the same as London (King’s Cross) to 
Edinburgh (Waverley), (392? miles).—From a letter to the Scotsman, Jan. 19, 
1934. [Per Dr. A. ©. Aitken.] 


1013. The play, ‘‘ Musical Chairs”, which is to be revived in London this 
week, recalls an ingenious dictionary definition of the game, which is also pro- 
bably unique in its employment of mathematical symbols: “ A game in which 
n+1 players circulate around n chairs until the music ceases, when one player 
is eliminated ”.—Observer, October 15, 1933. [Per Mr. J. B. Bretherton. | 
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THE SOLUTION OF TRIANGLES, GIVEN THREE 
SIDES.* 


Mr. W. Hope-Jones (Eton): When I proposed this subject for dis. 
cussion, I suggested as a title, “The Solution of Triangles, with 
particular reference to checks ’’. The importance of checks to people 
who really care about getting their answers right is too obvious to 
need any elaboration from me; but I would emphasize the virtue 
of a method which carries its own checks with it in preference to 
one which needs checking by doing a separate piece of work at the 
end, or by a week-end conference at Chequers. 

There is very littie that is original in the work I am going to 
show you. I have gathered bits from various books, perhaps added 
some small scraps myself, and put them together into an arrange- 
ment which I believe, after trying many, to be the best. The know- 
ledge of trigonometry involved in it doesn’t go beyond the meaning 
of the tangent of an angle ; and that is an advantage for those who 
believe, as I do, in taking solution of triangles at an early stage of 
trigonometry. 

I think there is no need to remind you of the proof that the radius 
of the inscribed circle is equal to 4/{(s—a)(s—6)(s—c)/s}. The 
comparison of this with Hero of Alexandria’s area of the triangle, 
4/{s(s —a)(s—6)(s—c)}, makes an excellent text for a sermon on 
dimensions, which I habitually preach to the young but will not 
inflict on you now. And from a figure it is immediately obvious 
that tan }A=r/(s—a). This is the equation from which I obtain 
the angles; and I hope to show you that it is quicker than, and 
at least four times as accurate as, the more commonly used 


cos 3A = 1/{s(s — a)/bc}. 


I shall now assume that you are “the young ”’, that you know 
these two facts, if not much else, and that you have brought your 
tables with you. On these assumptions we will try to solve a 
triangle. 








Logs 
a= 787 s—-a= 3] 1-4914 
b= 461 8 —b=357 2-5527 
c= 388 s—c=430 2-6335 
2s = 1636 s =818 ( ) | 2-9128 (2) 
| 3.7648 
snondamaail — 
log r =: ]-8824 (3) : “8824 ) 1-8824 A=135° 46’ 
log (s-a)= =1-4914 5527 26335 B= 24° 07' 
i a Bae 3 ae ‘ 
*, log tan 3A = 0-3910 (4) ~ 7.3297 (4) | 1-2489 (4) | C= 20°07" _ 
(4A =67° 53" (5) | JB=12° O34" (5) | 40 =10° 034’ (5) 180° 00/ (6) 








“@ Ist check. (s—a)+(s—6)+(s—c)=s. 


* A discussion at the Mathematical Association, 8th J 





anuary, 1935. 
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(2) We have to divide by s: so we subtract this logarithm while 
adding the other three. I find many boys, and others, unwilling to 
do this mixed addition and subtraction because they think it will 


10) 








r dis. be more difficult than pure addition. But they are wrong about 
with that, because in pure addition of four lines you get a column com- 
eople plete in itself without “‘ carrying ” only once in 24 times, while in 
us to subtracting one number from three others the column complete in 
virtue itself happens eleven times as often as that. 

ce to (3) Beginners had better label each column in full, “log r=... ”, 

t the “log (s—6)=... ”, ete. 

ng to (4) 2nd check. The sum of the three log tans, plus log s, =log r. 

vdded Notice what was checked by the Ist check : an addition, a division 

ange- by 2, and three subtractions. Notice what is checked by the 2nd: 
now: an addition, a division by 2, and three subtractions. This is so like 
aning the first that I would call it its check-mate. 

> who (5) What are we going to do with these angles when we have got 

ge of them? Double them; and if we are using four-figure tables we 

; want them to be correct to the nearest minute after that. There- 
adius fore begin by finding them correct to the nearest—what ? If you 
The ask boys that, they mostly answer “ second ”, except a few who 
angle, think that “ hour” sounds more dignified ; but it is half-minutes 

a that we want, and it is generally possible to find them correct to 

I not the nearest half-minute. At any rate beginners should be protected 

bei from the occasional tricky case in which you can’t. 

, and (6) 38rd check. A+B+C=two right angles. But it is possible 
for the sum of angles found correct to the nearest minute to differ 
by a minute from the sum of the exact angles: once in eight times, 
if the angles are found to the nearest minute, the sum will be too 

know big by one minute, once in eight too small, and six times in eight 

your exactly right. So here is another reason for avoiding the con- 

Ive a temptible crime of finding two angles of a triangle and deducing 
the third by subtraction: not only you lose your last and most 
delightful check, but also your third angle may be wrong by a minute 
even if you make no other mistake. Everything that I have said 
about minutes here applies equally to any other unit appropriate 
to the accuracy given by the tables you are using: calculated to 
the nearest quarter-second by 7-figure tables, the angles of this 
triangle come to 

135° 45’ 47” 

46’ ° ’ 37 

07" 24° O7' 112 

07’ and 20° 07’ 01” 

00° (6) 





179° 59’ 593” 





This sum is too small by one quarter-second, the unit to which 
we are working this time. 
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If now this same triangle is solved by finding the logarithms of 
the cosines of the half-angles, the first point I would have you notice 
is that we have seven instead of four independent logarithms of 
numbers to look out, a, b, c and the four that I have used for finding 
the logarithms of the tangents. The calculation, which I will spare 
you, leads to these results : 


log cos $A = 1-57584 
log cos 4B=1-99034 
log cos 40 =1-9933. 
Your log cosine table gives you 44 =67° 523’. 
$B and $C can evidently not be found for certain from the table, 
because log cosines are badly overcrowded and very sluggish in this 


neighbourhood ; but the table suggests as the likeliest values for 
them 12° 01}’ and 10° 03’. Hence 





A=135° 45’ 
B= 24° 03’ 
C= 20° 06’ 

179° 54’ 





This is what a chemist would call “‘ a weak solution ”’. 

The error in A is only one minute. In B it is 4’; and in C, being 
a smaller angle, the possible and probable errors are even more than 
in B, but it has had the luck to get away with an error of only 1’. 

The accuracy with which an angle can be found from a given 
tabulated function of it evidently depends on the rate at which the 
function changes for every unit increase of the angle. For instance, 
if you look at your log cosine table you will see that you can’t fix 
an angle very accurately by knowing only that its log cosine, correct 
to four places, is 1-9999, which leaves it free to be anything from 
54’ to 1° 30’; but you can if it is 1-1995, giving 80° 533’, certainly 
correct to the nearest half-minute. So in order to compare the 
accuracies of various methods, I have drawn graphs of the rates 
of change of five different functions of the angle which are used in 
Solution of Triangles. These rates of change are only their dif- 
ferential coefficients, treated as positive and multiplied by an appro- 
priate constant. 

For values (x) of the whole angle of the triangle between 10° and 
170° the thick graph shows the change, per minute of angle, in the 
4th figure of log tan 4a. A thin graph does the same for log cos }z. 
The mean angle of a plane triangle is 60°, and every plane triangle 
which is not equilateral must have at least one angle less than this 
value, at which the rate of change of log tan 4a is exactly 4 times 
the rate of change of log cos 4a. That is why I call the tangent 
method at least four times as accurate ; and for the smallest angle 
of the triangle we have just solved it is 32 times as accurate, the 
ratio being the square of the cosecant of the half-angle 
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Another graph represents the variability of log sin $x. For small 
angles this gives nearly as good accuracy as the log tan, and I think 
it is in every way preferable to the log cosine ; but it breaks down 
for big angles. 
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Whenever a graph goes below the one-level (the dotted line) it 
means that two or more angles (that is, integral numbers of minutes) 
share the same four-figured function: so by knowing the four- 
figured function we can’t be sure of the angle. The log tan graph 
is the only one of these five that never goes below 1, while the log 
cos spends most of its life in the slums. 

_ If the sides of the triangle are simple numbers like 7, 8 and 9, 
it is easy to find the cosines of the whole angles without using 
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logarithms ; and, as the arched graph shows, the method gives good 
accuracy except for big angles and small angles. If we use logarithms 
to find the cosine of the whole angle, the process is one which allows 
a good deal of cumulative error in the logarithm itself, which makes 
it less accurate than its graph here shows it. It gives a high degree 
of accuracy for angles near to a right angle; but for small angles 
and big angles the natural cosine of the whole angle gives better 
accuracy than its logarithm—in fact 2-3 times as good, which you 
will recognize as the logarithm of ten to base e. 

Spherical triangles can be solved by a very small modification of 
the same method. Consider for instance the spherical triangle whose 
corners are at Dartmoor Prison, the South Pole and Hanwell Asylum. 
Its sides are : 





Log sin (2) 
a=141° 30’ s-a= 0° 46’ 2-1265 
b=140° 32’ s-b= 1°44’ 2-4807 
c= 2°30’ 8—c=139° 46’ 1-8102 
°, 2e=284° 32’ 8=142° 16’ (1) | 1-7867 
(3) r2 | 4-6307 











log r=2-3153} | 2-31534 | 2-3153) ’. A=114° 10 
log sin (s-a)=2-1265 | 2-4807 | 1-8102 B= 68° 42’ 
POE Ry RS 8 EIR WARES C= 3° 40’ 





log tan $4 =0-1888} (4)| 1-83465 (4) | 2-5051} (4) 
*, $4 =57° 05’ |B =34° 21 


186° 32’ (5) 











(1) The first check works as before. 


(2) We have to use log sin (s — a), etc., where in the plane triangle 
we used log (s— a). 


(3) I call this quantity r for convenience ; but it isn’t the radius 
of the inscribed circle. 


(4) The second check works as before. 


(5) In the spherical triangle the addition no longer gives the final 
check on the angles, but it gives the spherical excess, and so the 
area, which in this case is 1/110 of the area of the sphere. For a 
final check, subtract the logarithms of the sines of the angles from 
the logarithms of the sines of the sides: in this triangle the final 
check gives a remarkably good result. 

Mr. F. C. Boon (Dulwich College) said he used a sine method 
which, like Mr. Hope-Jones’, was self-checking. Tabulation of a 
similar kind was required, but his method had the disadvantage of 
requiring seven logarithms and therefore might introduce a greater 
possible error in the result. He thought, however, that Mr. Hope- 
Jones would agree that while there might be a greater error, the 
greater number of logarithms reduced the possibility of error. 
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The formulae to be used were sin A=24/bc, etc., and the speaker 
demonstrated the tabulation as follows : 




















| Number | Log 

a 3 ‘4771 

b 4 -6021 

Cc 5 -6990 
2s 12 

8 6 ‘7781 
8—a 3 ‘4771 
s—b 2 -3010 
8—C l ‘OOOO 

A 1-5562 

A ‘7781 
24 1-0791 


The logarithms of bc, ca, ab were successively subtracted from the 
logarithm of 24, and the sines of A, B and C found. 

He thought that gave what Mr. Hope-Jones desired, the check 
within the sum, and it worked neatly and rapidly. Certain diffi- 
culties arose in special cases with regard to the nearest minute, in 
which case the angle which was least certain would be adjusted to 
agree with those which were more certain. 

For the case of two sides and the included angle he recommended 
a trial of a formula which he thought was very little used, but which 
was only a transcription of Bryan’s method : 

Given a, b, C 


cot A = (b/a) cosec C — cot C ; 
and similarly 
cot B= (a/b) cosec C — cot C. 


That was to say that, while A was being found, little extra work 
was required to find B, and again there was the check within the 
sum, namely, A +B+C=180°.* 

Mr. M. P. Meshenberg (Tiffin School) showed a slight modification 
of Mr. Hope-Jones’ method of tabulation which, in his opinion, 
lessened the amount of arithmetic and avoided some of the likeli- 
hood of error amongst the weaker brethren whom sometimes we had 
to teach. The difficulties he particularly wished to eliminate were 
the horizontal check ; the addition of three columns and then sub- 
traction all in one step; and he wished particularly to avoid 
writing the same number three times. He used the following 
tabulation : 


* Fuller examples of these methods were given in the Gazette, XV, pp. 164-5. 
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N. | Log 
= they N. | Log 
= (a= J: ie tan 3A .. $4 
bib= &.= tan $B 4B 
i) Sin 83> tan $C $C 
23= s—= 90° 
818983/8=1" . A= ; B= ; C= 








By this means everything was in the most suitable place for 
immediate checking. It is expected that the student will put down 
the data and then set down the whole of the above scheme before 
filling in any part of it. He is also required, in the early stages at 
least, to write down the data in colour—green; this is indicated 
above by clarendon type. 

As to Mr. Boon’s method when given two sides and the contained 
angle, that method was in Hawkins’ Trigonometry. He personally 
wrote the formula in an order slightly different from that given by 
Mr. Boon, namely : 


Given a, 6, C, he wrote the required cotangent on the left, the 
given cotangent on the right, leaving room for a fraction in which 
the numerator was the letter not yet used, which must be a small 
letter : 

Inissing letter (6) 


cot A= @ ain C — cot C 3 





a Y 
cot B= Fano C. 


The President : Has Mr. Hope-Jones any comment to make on 
the point that it is better to recognise that two of your angles may 
be more reliable than the third ? 

Mr. W. Hope-Jones said of course if one got any discrepancy 
and tried to distribute the error one did take that into account, 
but he believed, given that the logarithms were really correct to 
four places of decimals, the maximum error in logr? was 2. After 
halving, the maximum error was 1, and the maximum error in the 
angle, as found by the method he demonstrated, was, in that case, 
‘8 of a minute. That would differ for different kinds of tables and 
different units with which one worked, but in the distribution of 
an error, if one did it, quite obviously one would trust the bigger 
angles—or should he say the safer angles ? 

He liked the greater part of Mr. Meshenberg’s arrangement. He 
did not like having to make two bites at adding three terms and 
subtracting one, because not only did that make two pieces of work 
instead of one, but made the work more difficult because of the 
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carrying on. But he could assure Mr. Meshenberg that he would 
carefully study his arrangement. He also had found the objection 
that boys did not like subtracting a above from s below and insisted 
on doing mangy little pieces of work all over their margin. 

The President thought members might enjoy a little bit of inner 
history. When the Programme Committee had the subject just dis- 
cussed, as a suggestion from Mr. Hope-Jones they all gasped and said : 
“What can he have to say?” If it had been anybody but Mr. 
Hope-Jones they would have turned down the subject. He felt sure 
that members would agree that the Committee had been right in 
making a confident exception, and that they would desire to accord 
Mr. Hope-Jones a most hearty vote of thanks. 


APPENDIX. 


1. Solution of a triangle, given three sides. 


After consideration of the points raised in the discussion, Mr. 
Hope-Jones and Mr. Meshenberg suggest the following tabulation : 


818 oaks Log || 4 angl \ 

s= r ‘ : angies ang es 

g (a= 787 |s—a= 31| 14914 || tn £4 |0:3910 | g70 53” | 4 — 135° 46" 
24 b= 461 |s—b=357| 2-5527 || tan 3B} 13297 || 12° 034’| B= 24°07’ 
© c= 388 | s—c=430| 2-6335 |] tan $C | 1-2489 || 10° 034’ | C= 20° 07’ 























2s—1636 8=818| 2-9128 || — s* | 2-9128 180° 00’ 
r2| 3-7648 r* | 1-8824 
* For check only. 
Log 
r|1-1179 Log sangles| angles 


s—a= 83 |0-9191 || 2 34 | 0-1988 | 570 goye| 4 —115° 21’ 
s—b= 39-1 | 1-5922 || tan $B | 1-5257 || 18° 33’ | B= 37° 06’ 
8—c= 53-5 | 1-7284 || tan 4C | 1-3895 || 13° 463’| C= 27° 33’ 
s=100-9 | 2-0039 || s* | 2-0039 180° 00’ 
r?|2-2358 || r* | 1-1179 EE 


G 






































* For check only. 


2. Solution of a triangle, given two sides and the included angle. 
_ This case was mentioned in the discussion ; the following tabula- 
tions are put forward by Mr. Meshenberg and Mr. Hope-Jones 
respectively. In each case the formula used is 


tan i(B-0)=5—° tan }(B+C). 
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(a) (Mr. Meshenberg.) 





b-c= 
b+c= 


Bi Fracn. 
tan 4(B+C) 








tan 4(B-C) 


] 





; a= 





It is expected that the student will put down the data and then 
set down the whole of the above scheme before filling in any part 
of it. Mr. Hope-Jones would of course prefer to add log (b—c) to 
log tan }(B+C) and subtract log (6+c) all in one step. If that 
be thought desirable, it is suggested that “B+C= ” should be 
written above A in the column of data. 


(6) (Mr. Hope-Jones.) 


N. Log 
A=135° 46’ tan $(B+C) | 1-6090 
Given 


b=461 b-—c= 73 1-8633 
c=388 b+c=849 2-9289 
” 1A=67° 5 tan }(B-C) | 3-5434_ 
= 93° 07" 
ae 2° yy’ c 2-5888 
sinC | 1-53643 
| B=24" 07; 2R | 3-05235 
=20° 07'* Ans. - 
a=787 














b | 2:6637 
sin B | 1-6113 


2R | 3-0524 
1-8436 


a 2-8960 














* At this stage there has been no check on the logarithmic work. 
A+B+C would come to 180° even if }(B-C) had been found 
incorrectly. Needing log (2) for finding a, we will check the pre- 
ceding work by finding it independently in two ways. In the event 
of a minor discrepancy, put more confidence in the value obtained 
from the larger angle. 





1014. Driving aweg—trom pole wae shepherd will stand 200 nit in 
triangular direction through two gates.—Programme of the English National 
Trials of the International Sheep Dog Society, September 1st and 2nd, 1933. 
[Per Mr. G. H. Lester.] 
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L>ENSEIGNEMENT DES MATHEMATIQUES EN 
FRANCE DANS LES LYCEES ET COLLEGES. 
Par S. Minors. 


“Nut esprit normal n’est fermé ni aux sciences ni aux lettres, du 
moins 4 ces éléments des sciences et des lettres qui composent les 
programmes de nos lycées jusqu’a la fin de la Premiére.”’ Cette con- 
statation, que l’on trouve aux premiéres pages des Instructions rela- 
tives & Vapplication des Programmes de l Enseignement Secondaire * 
indique le but qu’ont recherché — et atteint — les auteurs des pro- 
grammes actuellement en vigueur. Tous les éléves de notre En- 
seignement Secondaire (de la classe de Sixieme de nos Lycées et 
Colleges jusqu’aé la classe de Premiére inclusivement) recoivent la 
méme formation mathématique, et, plus généralement la méme cul- 
ture scientifique. Les programmes d’études scientifiques sont exacte- 
ment les mémes pour les éléves qui étudient les Langues Anciennes 
que pour ceux qui étudient les Langues Vivantes. 

Bien entendu, il résulte de ces principes que notre enseignement 
doit étre, avant tout, un enseignement de culture. Nous n’essayons 
pas de faire acquérir 4 nos éléves une somme considérable de con- 
naissances quwils assimileraient plus ou moins; mais nous nous 
efforgons, sur des exemples simples de leur enseigner ce qu’est un 
raisonnement, ce que sont la rigueur et la probité scientifiques. En 
quittant l’Enseignement Secondaire, nos éléves ne sont pas en pos- 
session de connaissances mathématiques directement applicables, 
mais ils sont capables de suivre avec fruit les conférences de |’En- 
seignement Supérieur. Ils ont acquis des exigences intellectuelles, 
la crainte de I’ “on voit bien que...” non justifié, et cet esprit 
de doute sans lequel il n’est point d’étude scientifique solide possible. 

Trois périodes principales apparaissent dans |’Enseignement des 
Mathématiques au Lycée (ou au Collége) : 


(1°) Une période d’adaptation. Cette période dure deux années : 
ce sont les classes de Sixiéme et de Cinquiéme. Les éléves qui arri- 
vent des Classes primaires prennent contact avec les disciplines 
secondaires ; ils s’initient au Latin, aux Langues Vivantes (Anglais 
ou Allemand), rencontrent pour la premiére fois des Professeurs 
spécialisés : Lettres, Langues Vivantes, Mathématiques, Dessin. . . . 
Pendant cette période, l’enseignement mathématique est réduit A 
sa plus simple expression : deux heures de classe, par semaine, lui 
sont consacrées. Le programme comporte surtout l’étude concréte 
des opérations et des fractions, et une révision fort sérieuse du 
Systéme métrique décimal. L’étude théorique des quatre opérations 
est faite avec le plus grand soin, et permet de justifier les mécanismes 
opératoires connus depuis longtemps par les éléves. 

(2°) A cette période succéde une autre période de deux années ; 
ce sont les classes de Quatriéme et de Troisitme. Ces deux années 
qui constituent une période d’initiation & la Géométrie sont peut- 


* Cf. Instructions... (Editions Vuibert, ou A. Colin, & Paris). 
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étre, au point de vue Mathématique, les plus importantes de tout 
le cycle des études secondaires. Trois heures, par semaine, sont 
consacrées dans ces classes, 4 l’étude de la Géométrie et de quelques 
éléments d’Arithmétique (Nombres premiers et racine carrée). Le 
programme de Géométrie de Quatriéme est & peu prés formé par 
l’ensemble des deux premiers livres d’Euclide ; mais, & l’intérieur 
de ce programme, une liberté considérable est laissée aux initiatives 
pédagogiques des Professeurs, et beaucoup de Professeurs ont aban- 
donné la stricte ordonnance euclidienne et n’hésitent pas, pour des 
raisons de commodité, 4 introduire dés le début de l’année, la notion 
de cercle et la notion d’angle au centre. 

En Troisiéme, une partie de l’effort des éléves est accaparée par 
Vinitiation, sous une forme trés concréte, aux nombres positifs et 
négatifs, et au Calcul Algébrique. L’étude, nécessairement fort ¢lé- 
mentaire, du Troisitme et du Quatriéme Livre d’Euclide forme la 
base de l’étude de la Géométrie dans cette classe. 


(3°) Les classes de Seconde et de Premiére forment une période 
de perfectionnement. L’habitude de l’Algébre, acquise en Troisiéme, 
permet aux éléves d’acquérir la notion d’angle orienté ; elle permet 
l'étude des divisions et des faisceaux harmoniques, l’étude des rela- 
tions métriques dans les triangles quelconques ; et, plus générale- 
ment, une révision trés sérieuse et fort approfondie de ce qui fut 
étudié pendant les deux années précédentes. 

Sur ces bases, trés solides, on peut, en Premiére aborder |’étude 
de la Géométrie dans |’Espace (livres V, VI et VII). Dans ces deux 
classes, quatre heures en Seconde et trois heures et demie en Premiére 
sont accordées a l’Enseignement Mathématique. Elles sont par- 
tagées assez inégalement entre les études de Géométrie que nous 
venons de préciser et une étude assez élémentaire de I’ Algébre (Equa- 
tions du Ie degré accompagnées de la représentation graphique des 
fonctions linéaires ; équations du 2*™e degré accompagnées de la 
représentation graphique des fonctions de la forme 

ax+b 
avatb)" 

Apres cet exposé, 4 la fois trop long et trop restreint, des buts 
que nous recherchons dans l’enseignement de la Géométrie, il me 
reste 4 parler de la question beaucoup plus délicate des méthodes 
que nous employons et des résultats que nous obtenons. 

L’absence d’examens & la fin des années de Quatriéme et Troisi¢me 
accorde au Professeur une liberté dont bénéficie la valeur éducative 
de son enseignement. La certitude de disposer pour notre enseigne- 
ment d’une année compléte, et non — comme dans les classes 4 
examen — d’une fraction d’année, nous permet d’avancer au début 
de l’année avec beaucoup de prudence avec des éléves, dont les jeunes 
cerveaux seraient souvent heureux de recevoir du Professeur une 
vérité indiscutable, et surtout indiscutée. Beaucoup de jeunes Pro- 
fesseurs ont adopté dans leurs classes la méthode dite de ‘“ rédécou- 
verte ’’ ou encore de “ collaboration’. L’heure de classe est con- 
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ut sacrée & l'étude par tous les éléves de la classe d’une figure bien 
mt déterminée, puis d’une seconde, puis d’une troisiéme. . . . Bien en- 
1es tendu, le Professeur dirige cette étude, redresse les erreurs de rai- 
Le sonnement, exige des conclusions précises, et s’efforce de donner un 
ar peu d’élégance a des démonstrations que la collaboration de quarante 
ur éléves a souvent fort alourdies. Dire que tous les Professeurs suivent 
ves cette méthode dans leur classe serait certainement abusif, mais il 
un- est bien certain que les Manuels récemment parus appliquent cette 
les méthode de “ rédécouverte ”’, et s’efforcent de donner aux éléves 
ion Vhabitude d’analyser une figure, et d’en déduire, sans idée préconcue, 

les principales propriétés. Bien entendu, dans un tel enseignement, 
oar le Manuel ne joue qu’un réle auxiliaire. L’éléve sort en général de 

et classe aprés avoir compris la legon, et il n’ouvre son livre que pour 
‘lé- y retrouver une démonstration qui lui a échappé. On congoit, dans 
la ces conditions, que les divers manuels en usage soient de niveaux 
souvent fort différents. Dans nos classes de Quatriéme et de Troi- 
ode sitme, nous résolvons souvent avec aisance des problémes qui sem- 
ne, blent difficiles ; en Seconde, l’étude des lieux géométriques permet 
net des recherches et des discussions dont le niveau est trés variable 
sla- d’une année & |’autre. 
le- Ala fin de la Premiére, le Concours Général des Lycées et Colléges 
fut permet de distinguer des éléves d’élite choisis parmi nos meilleurs. 

Le niveau extrémement élevé de ce Concours ne renseigne pas sur 
ide la valeur moyenne de nos classes. La sanction naturelle des études 
Dux 4 la fin de la classe de Premiére est la premiére partie du Bacca- 
‘are lauréat. Tous nos éléves moyens y sont recus. 
var- Aprés la classe de Premiére, cesse l’égalité scientifique, et apparait 
ous la premiére spécialisation. Les éléves qui se destinent aux études 
ua- littéraires vont dans la classe de Philosophie. Ils font encore un 
des peu d’Algébre, mais ils ont & peu prés abandonné la Géométrie. 
> la Ceux qui ont l’intention de poursuivre des études scientifiques en- 

trent dans la classe de Mathématiques. L’étude des transformations 

(déplacements, Similitude, Inversion, Polaires réciproques . . .) et 

des Coniques forme le support de ]’étude de la Géométrie dans 

cette classe. L’étude de la Trigonométrie, de la Géométrie Descrip- 
yuts tive, de quelques éléments de Mécanique, d’Algébre et de Cosmo- 
me graphie compléte ce programme. 
des Dans tout cet Enseignement, la Géométrie Analytique et I’ Analyse 

ont été & peine abordées. L’initiation systématique & I’étude de ces 
sme Sciences appartient aux classes dites de Mathématiques Spéciales, 
tive qui préparent les candidats aux Grandes Ecoles du Gouvernement 
me- (Ecole Normale Supérieure, Ecole Polytechnique, Centrale, des 
3 & Mines . . i S.M 
but isin ai 
ines 1015. Mathematicians, whose tempers are generally intolerable, are perhaps 
une psychologically excusable, for the constant tension of their mind is, perhaps, 
Pro- the cause of their bad digestion and their state of hypochondria.—C. Flam- 
20U- marion, Popular Astronomy, trans. J. E. Gore (1894), p. 346, note. [Per Mr. 
"On C. W. Adams. ] 
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JOHN NAPIER. 
By W. R. THomas. 


THE main object of this article is to suggest that John Napier took 
the word “logarithm ”’, though not the idea, directly from the 
Psammites (Arenarius, Sand- Reckoner) of Archimedes. Incident- 
ally it will contain the results of new research into Napier’s life, 
together with an examination of the history of some of the texts 
of the editio princeps of Archimedes (Basel, 1544) which exist at 
present in this country. 

In the Psammites Archimedes sets before himself the question of 
determining how many grains of sand would equal the universe in 
volume. He is handicapped by ignorance of the system of local 
value in Arithmetic, and of the index notation. In dealing with large 
quantities he takes as his unit the Greek word “ myriad” (ten 
thousand), and calls the numbers from unity to a myriad-myriads 
the First Numbers. Taking this last number as a new unit, he calls 
the numbers from it, through a myriad-myriad terms, the Second 
Numbers. (It may be noted that Sir Thomas Heath, in his sum- 
marised translation, calls these Numbers of the Second ‘ Order ”, 
thus introducing a word not in the text.) Archimedes proceeds thus 
until he reaches the Myriad-Myriadth Numbers. At this point he 
calls the numbers hitherto dealt with The First Period. Taking the 
final number as the starting point of The Second Period, he proceeds 
through Myriad-myriad Periods, when he considers that he has got 
far enough for his immediate purpose, winding up with “ The myriad- 
myriads of the myriad-myriadth period of the myriad-myriadth 
numbers” [aé pupuxcxuspupvoords mepiddov pupuxkicpupiooTray apiOpav 
pupion vpddes]. In index notation he has reached. 1()°,900,000,000,000,000, 

At this point Archimedes introduces the remarkable passage which 
is the main theme of this article: Xpyowov Sé éort Kal rode 
yerypwokopevov. Eixa apiuadv amo tas povddos ava Adyov édvTww 
modAarAnovalavre (wrongly ToMamAxovdlovres in the 1544 edition) 
twes GAAdAous Ta&v ex Tas adbras avadoyias, 6 yevopevos (Wallis’— 
the Oxford mathematician’ s—brilliant emendation of Grav dpolws) 
é€acetrat €k Tas auras dvaroyias, dméxowv amo preiLovos TOV 7oMa- 
macurgavrew adAdAous 6 Oaous 6 eAdtTwv TeV ToMamAnoungdv rev | ano 
provddos améyer, amd S€ tas povddos adéter evi eAuTTovas 7) cos oT 
apiOpos ovvapotépwr, ods amexovte amd povddos of moAAamAxovagavtes 
d\AdAovs. Literally translated this runs thus: ‘“ Useful too is the 
following observation. If of numbers (arithms) from unity in pro- 
portion (log) any multiply each other of those from the same pro- 
portion, the product will be from the same proportion, distant from 
the greater of the multipliers as far as the smaller of the multipliers 
is distant from unity, and from unity it will be distant one less than 
the sum of both numbers which denote the distances from unity of 
the multipliers”. E.g. in the series 1, 3, 9, 27, 81, 243, 729, 2187, 
6561, 19683..., the product of the ‘4th and 6th terms may be 
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obtained either (i) by counting 4 terms onward from the 6th (both 
ends included), or (ii) by counting 4+6-—1 terms from the be- 
ginning. This, of course, is the basis of our index notation, but is 
not obvious when the numbers are expressed in words. 

Archimedes here seems, at first sight, to be on the verge of antici- 
pating Napier. This was first pointed out in 1806 by Peyrard, 
Napoleon’s Professor of Mathematics at the Lycée Bonaparte in 
Paris. In his translation of Archimedes (made from Torelli’s Oxford 
edition of 1792) he comments on the passage thus: “ C’est la pro- 
priété fondamentale des logarithmes, et c’est par le moyen de cette 
propriété qu’Archiméde va exécuter tous ses calculs”’ [Vol. II, 
p. 428]. Although the first statement is true, it in no way detracts 
from the merit of Napier’s discovery. Apart from Napier’s concept of 
functionality (of which more anon), the practical value of his dis- 
covery lies in the process of interpolation, by which he deals with 
all numbers, and not only those in continued proportion. Indeed 
this was pointed out in the preface to Peyrard’s book by Lagrange 
and Delambre. The book was dedicated to Napoleon, and before 
its appearance was reported on by these two great authorities. In 
their printed “rapport ’”’ to the Emperor they write thus: ‘“ Le 
systéme qu’il (Archiméde) imagine, pour écrire et dénommer un 
nombre quelconque, porte sur un principe bien peu différent de 
lidée fondamentale qui fait le mérite et la simplicité de notre arith- 
métique arabe, ou plutét indienne. On a méme cru trouver dans 
ce systéme la premiére idée des logarithmes ; mais il nous semble 
outrer les choses. On voit a la vérité dans |’Arénaire deux progres- 
sions, l’une arithmétique et l’autre géometrique, dont la premiére 
sert & trouver un terme quelconque de la seconde (the writers here 
seem to refer to Napier’s exposition of his method in the Descriptio). 
Mais c’est une pure spéculation destinée & montrer comment on 
pourrait donner une extension indéfinie a l’arithmétique de ce temps, 
et jamais Archiméde n’a songé 4 rendre son idée utile dans les 
calculs ordinaires, & changer la multiplication en une addition, et 
encore moins la division en une soustraction. On ne lui voit réelle- 
ment exécuter aucun calcul” [Lagrange et Delambre, Rapport sur 
Peyrard (Vol. I, p. x)]. 

Peyrard probably dissented, for in 1834 he sent Mark Napier a 
copy of the Greek passage, which was printed in a footnote to the 
Memoirs of John Napier (p. 346), apparently with little sense of its 
value. In the following year that book was reviewed in the Journal 
des Savants by Biot, the French scientist, and some reference, of no 
great import, was made to Archimedes. From 1835 to 1914 the 
matter dropped. In the latter year the tercentenary of Napier’s 
discovery was celebrated at Edinburgh, and papers were read of 
which the most important were those by Lord Moulton, Eugene 
Smith, Gibson, and Hume Brown. Lord Moulton referred to the 
fundamental property of a geometric progression, and continued, 
“This had been a commonplace in mathematics since the days of 
Archimedes, who states it with great clearness in his Arenarius, 
N 
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But there is no reason to think that Napier got it from this source, 
It must have been noticed independently by many a mathematician 
with far less ability than Napier possessed.” 

There can be little doubt that Lagrange, Delambre, and Moulton 
are right in giving Napier sole credit for his discovery. Indeed it 
seems that he has seldom or never been properly appreciated. A 
superficial study of his Constructio may give the impression that he 
was a dabbler in Arithmetic who accidentally hit on a good thing. 
It is true that his method was simple, consisting essentially of 
successive subtractions (a precursor of the rule called Practice 
in the Arithmetics of the last century): it has been fully 
explained in Dr. J. Henderson’s article in the Mathematical Gazette 
for December 1930. But it has never been pointed out that Napier’s 
definition of his “ artificial numbers ” (1619) or “ logarithms ”’ (1614) 
shows that he saw their functionality. He considers two moving 
points on two lines, the first “increasing equally ’’, the second 
“decreasing proportionally ” (for diagram and explanation see 
Mathematical Gazette, XV, 251), and concludes thus: “ The log- 
arithm of any sine (i.e. any number, for a sine was not then a ratio) 
is a number very nearly expressing the line which increased equally 
in the meantime, while the line of the whole sine decreased pro- 
portionally into that sine, both motions being equal-timed, and 
the beginning equally swift’ [Wright’s translation of Descriptio, 
1616]. This passage is of course a curious anticipation of the slide 
rule. But it is much more than this: it is a statement in words 
of the nature of the general exponential function (in symbols «=log y, 
where x=at, y=(l1—a)'). It involves a conception (the earliest on 
record, as far as I know) of the nature of functionality. Further, 
the representation of Number by distances traversed in rectilinear 
motion removes Number from the realm of the discrete to that of 
the continuous, and forms an essential basis for the unborn Fluxions. 

How far Napier was helped in forming these concepts by his study 
of Archimedes is a question beyond solution. But that he took the 
word “logarithm ” from the passage quoted seems to me almost 
self-evident, and this point has been entirely overlooked. The Oxford 
English Dictionary is content to say that logarithm means ratio- 
number, and leaves it at that. The first reference to the matter is 
made by Robert Napier, Napier’s second son by his second marriage 
and literary executor, who in the preface to the Constructio (pub- 
lished in 1619, two years after Napier’s death) says: ‘‘ You have 
then, benevolent reader, the doctrine of the construction of log- 
arithms, which here he (sc. J. N.) calls artificial numbers, for he had 
this treatise beside him composed for several years before he in- 
vented the word logarithm ”. During the whole of the seventeenth 
century there is little reference to the word, though Briggs saw that 
it meant numbers in ratio. It may indeed have been considered, 
with some degree of truth, as an anagram of “ algorithm ’’, the pre- 
cursor of algebra. But readers of Archimedes for the most part con- 
tented themselves with the Latin version, printed both in the Basel 
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edition and in David Rivault’s inferior Paris edition. Further, in 
both editions the words ava Adyov were printed dvaAdyov, with much 
less appeal to the eye. 

In the eighteenth century Greek and Mathematics drifted asunder. 
It is indeed strange that Peyrard was blind to the etymology of the 
word when he stressed so forcibly the importance of the Archimedes 
passage. In 1812 Hutton [7'racts, I, 406] says that “logarithm ”’ 
means “ number of ratios ’’, and Mark Napier (more historian than 
scholar) is content with this : in his 1839 edition of De Arte Logistica 
he writes: “‘The word Logarithms was compounded by Napier 
before he published his discovery. ...’ ’Api@uds signifies number ; 
AoyapiOucs the ratios of numbers, or rather the number of ratios, 
doydv apOyds””. 

In the Edinburgh Centenary Volume of 1914 Lord Moulton falls 
into the same error, for he says (p. 10): ‘I think there can be no 
doubt that logarithm comes from Aoyév dpiOuds, and signifies the 
‘number of the ratios’. I find also that, at the commencement 
of the Constructio, when Napier is describing the logarithmic table, 
he says: ‘ It is picked out from numbers progressing in continuous 
proportion’ ”’. It is strange that Lord Moulton failed to see that 
this quotation contradicts his premise. But in the same Centenary 
Volume (p. 115) Gibson writes thus : ‘‘ The word logarithm is usually 
explained as a ‘ measure of ratios ’, or ‘ number of ratios’. I think 
there are more grounds than one for rejecting this derivation. The 
more likely derivation seems to be simply this, that logarithm means 
‘ratio-number ’, or ‘number connected with ratio’, as suggested 
by Briggs (Arithmetica Logarithmica, 1), who says: ‘ They seem to 
have been called logarithms by their illustrious inventor because 
they exhibit to us numbers, which always preserve the same ratio 
to one another’ ”’. Gibson then correctly points out that this “‘ fits 
in very well with the opening sentences of the Constructio”. But 
they all fail to note that the Greek for Napier’s phrase ‘‘ numbers 
in continuous proportion ” or Gibson’s ‘‘ number connected with 
ratio” is precisely Archimedes’ dpi8yuou ava Aoyov. 

Two questions immediately arise: (1) Could Napier read Archi- 
medes in Greek? (2) Is it likely that he came across a copy of the 
Greek text ? The first question can be answered positively in the 
affirmative : the second may be shown to be almost certain. When 
I took in hand the whole subject of this article, I saw that it involved 
two lines of research: (a) an examination of the extant copies of 
the Basel (1544) editio princeps of Archimedes, with a view to 
proving their accessibility to Napier, (6) a new enquiry (supple- 
mentary to the work of Mark Napier) into the educational and cul- 
tural environment of John Napier. 

I find that there are 34 copies of the Basel Archimedes at this 
moment in the British Isles, distributed as follows: London 3, all 
in the British Museum ; Oxford 9 (3 in the Bodleian, 2 at Balliol, 
l each at Trinity, Oriel, New College, and Merton); Cambridge 8 

(2 in the University Library, 4 at Trinity, 1 each at King’s and 
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Clare) ; Edinburgh 5 (3 in the University Library, 1 in the National 
Library, and | in the Signet Library) ; Glasgow 4 (all in the Univer. 
sity Library); Dublin 2 (in the Trinity Library); Chatsworth 2; 
and Manchester (Rylands) 1. Most of the copies bear no indica- 
tion of their whereabouts c. 1600 a.p. They were either on book- 
sellers’ shelves, or in private ownership, whence they passed in later 
days by gift to the various libraries. In Napier’s time there were 
not many libraries, and those that existed did not buy Greek books, 

Four copies call for special attention for our purpose : (1) a copy 
at Glasgow, which, in the words of the Librarian, ‘‘ may very well 
have been there in 1600” ; (2) a copy in the British Museum, in a 
binding stamped with the arms of Prince Henry, the elder son of 
James I, who died in 1612 ; (3) a copy in the Edinburgh University 
Library, presented by William Rig in 1619; (4) a copy in the same 
Library, bequeathed in 1635 by James Douglas. 

For the significance of Rig, James Douglas of Whittinghame, and 
the latter’s intimate friend and colleague at the London court—Dr, 
John Craig—it remains to take up the second of the above-men- 
tioned lines of research and reconstitute John Napier’s life. 

On Napier the standard authority will always be Mark Napier, 
who, in addition to a Life of Montrose, wrote the Memoirs of John 
Napier (1834), and produced in 1839 Napier’s De Arte Logistica, the 
latter being an edition, with a valuable preface, of Napier’s unpub- 
lished manuscript on the Algebra of his day. The biographical in- 
formation contained in these volumes has been admirably sum- 
marised and supplemented in the D.N.B. by W. R. Macdonald 
(d. 1923), Carrick Pursuivant and (later) Albany Herald in the Court 
of the Lord Lyon: in 1889 Macdonald published a translation of 
the Constructio, with a valuable bibliography. I have verified, in 
the original sources, the researches of Mark Napier and Macdonald, 
and can testify that both men reached a high standard of accuracy. 
Some new results, however, have been attained. 

The fortunes of the Napier family were founded about 1430 by 
Alexander Napier, provost of Edinburgh, a rich wool merchant, who 
secured Merchiston as security for a loan to James I of Scotland. 
His son Alexander was one of the ambassadors to England in 1451. 
Three eldest sons fell in succession at Sauchieburn (1488), Flodden 
(1513), and Pinkie (1547). The last of the three left a boy of four- 
teen, Archibald, who less than three years later became the father 
of John Napier, and died in 1608, only nine years before his son. 
The fact that father and son were contemporaries explains why John 
does not figure more in public records, and why, until 1608, he was 
isolated from Merchiston and the militant life of Edinburgh. The 
mother was a Bothwell, in no way related to the notorious Earl, 
whose family name was Hepburn. Her brother was Adam Bothwell, 
Bishop of Orkney, who incurred public odium by marrying Mary 
of Scotland to Bothwell in 1565. A letter (dated 1560) exists from 
the Bishop to Archibald Napier, recommending that John, who must 
have shown unusual promise even at the age of ten, should be sent 
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“to France or Flanders, for he can learn no good at home”. In 
1563 John matriculated at St. Andrews, as the existing records show. 
Here he lodged with the head of St. Salvator’s, John Rutherford, 
who had recently returned from tutorial work (in succession to 
George Buchanan) at the Collége de Guienne, Bordeaux. He did 
not graduate, but seems to have left after a year’s residence. In 
fact, he was sent to St. Andrews as a preparatory school before going 
to a Continental tutor: that this statement does no injustice 
to St. Andrews in 1563 is illustrated by a remark of James Melville, 
Andrew Melville’s biographer, who in 1574 regrets that it was im- 
possible to learn Hebrew or Greek in Scotland, for “ the languages 
were not to be gottine in the land’’. On his stay at St. Andrews 
some light is thrown by the Preface to the Plaine Discovery (Napier’s 
edition of the Apocalypse, 1594), where he tells us that he came 
under the influence at St. Andrews of Christopher Goodman (see 
D.N.B.), the famous Geneva Puritan divine, and also formed a close 
friendship with a young Roman Catholic of his own age (thirteen), 
whom he undertook to convince that the Church of Rome was pre- 
figured in the Apocalypse: to this purpose he decided to devote 
his life, and for it Greek was necessary, and not easy to get. It is 
hard to realise how few Greek scholars there were then in Europe. 
In Basel there were about two, in Geneva either one or two. In France 
the state of affairs can be judged from Montaigne who, carefully 
educated at the College of Guienne at Bordeaux under George 
Buchanan (he left in 1554), calls attention time after time, in the 
Essays, to the poverty of his Greek. At Oxford there was little Greek : 
Sir Henry Savile indeed—an almost exact contemporary of Napier’s— 
was to develop, in both classics and mathematics, on curiously 
similar lines to Napier, though Savile lacked the Scotsman’s genius. 
Cambridge had produced Tyndale, Cheke, Croke, and Cranmer : but 
she had used her new learning solely for the Protestant cause, and 
the Cambridge libraries of the sixteenth century give little sign 
either of classical or mathematical lore. Napier then had to go 
abroad for his Greek, and that he succeeded in his quest is proved 
by his Plaine Discovery, in which he claims to correct the Vulgate 
throughout, and shows his knowledge of Classical as well as Hel- 
lenistic Greek (not clearly distinguished, however) by a discussion, 
inter alia, of the exact force of drav. 

Where Napier studied abroad is an unsolved problem. In the 
past year I have made enquiries at Bordeaux, Paris, Geneva, Basel, 
Amsterdam, Marburg, and Jena, but without any positive result. 
I am inclined to think that he did not matriculate at any college 
or university. At that time there was at Geneva a Scottish pro- 
fessor of arts, Henry Scrimgeour, who came from St. Andrews 
University, married a Geneva lady, and used to receive young Scots- 
men in his Genevan home: two are mentioned in the Livre du 
Recteur, Gilbertus Moncreif (1567), John Skene (1568). A few years 
later James Melville stayed with Scrimgeour, as he tells us in his 
Diary. At that time Greek was taught at Geneva by a man of 
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repute, Franciscus Portus. Scrimgeour was the uncle of Peter 
Young, tutor to King James. It seems possible that Napier spent 
a year at Geneva and another at Basel. 

Wherever Napier may have studied, he was back in Scotland in 
1571, a good scholar, as he subsequently proved, in Greek, Theology, 
Mathematics, and Science. There was no one to compare with him 
in Scotland in all four subjects, though Andrew Melville was his 
equal in the first two. The years of Napier’s absence were the most 
dramatic in Scottish history. They cover the period of the Rizzio 
murder, the Kirk o’ Field explosion, the birth of James VI, Mary’s 
marriage to Bothwell at Holyrood by Napier’s uncle, her flight to 
England, and the beginning of Murray’s regency. Throughout this 
period Napier’s father lived quietly at Merchiston with his second 
son and daughter. His wife died in 1565, and he married again in 
1570. He must have been on terms of friendship with Sir Thomas 
Craig, Edinburgh’s foremost jurist, for a member of the family, Dr. 
John Craig, was destined to bring John Napier into touch with the 
rapid development which Astronomy was making under Tycho 
Brahe and Kepler. 

Archibald Napier’s second marriage ended John Napier’s residence 
at Merchiston. In 1572 he married Elizabeth Stirling of Keir, and 
departed to an out-of-the-way family estate at Gartness in Stirling- 
shire. His son Archibald was born in 1576. In 1579 his wife died, 
and soon after he married Agnes Chisholm, by whom he had a very 
large family. During the sixteen years between the first marriage 
and the Spanish Armada he was busy with four things, theology, 
agriculture, science, and mathematics. His life’s work was the 
Apocalypse. Farming turned his attention to manures, coalmines 
to hydraulic power, and to the stories told of Archimedes by Latin 
writers. But behind his stern religious purpose and the practical 
things of life, there always lurked his beloved mathematics. The 
discovery has quite recently been made, in Edinburgh University 
Library, of his copy of Regiomontanus, which may have inspired his 
Analogies in Spherical Trigonometry. He probably had also Stifel 
as a basis for De Arte Logistica, his treatise on Algebra (published 
under Mark Napier’s editorship in 1839), which during those years 
was taking shape. By the time of the Spanish Armada Napier had 
finished his magnum opus (the Plaine Discovery was published in 
1594) and was ready to turn to other pursuits. 

A crisis in his life was brought about by James’ marriage, in 1590, 
with Anne of Denmark. The person who linked up Napier with 
Tycho Brahe and Kepler was Dr. John Craig. In the D.N.B. he is 
called the third son of Sir Thomas Craig, the Justice Deputy. This 
is impossible, for the second son, Sir Lewis Craig (who also appears 
in the D.N.B.), is known, from independent sources, to have been 
born in 1569. Dr. John Craig (who must not be confused with the 
John Craig who denounced the banns between Mary and Bothwell, 
and drew up the Covenant of 1580) must have been born about 
1560, for a letter from Basel (30th July, 1934) informs me that in 
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the catalogue of the Basel medical theses there is one with the 
following title : Diexodus medica de hepatis dispositionibus in pub- 
licam collationem ... proposita...et defendenda a M. Johan. 
Craigo Scoto . . . Basileae Helvetiorum 1580: L. Ostenius. 31 pag. 
4°. It seems probable that Dr. Craig was Sir Thomas Craig’s brother, 
not his son. Before going to Denmark he had been appointed 
physician to the king. There is ample confirmation of the well- 
known story told in Athenae and also in Fasti by Anthony Wood 
(who got it from Oughtred, who got it from Briggs) that on his 
return to Scotland in 1590 Craig informed Napier of the astronomer’s 
need for short cuts in calculation. It is possible, as stated, that 
Longomontanus had already made some attempts, which were 
described by Craig. Either Napier had the genius to seize and 
fructify some hitherto sterile idea, or, as is more likely, he had 
already begun to construct his artificial numbers. In 1594 the news 
reached Kepler that a certain “ Scotus baro”’ was revolutionising 
calculation : he seems even to have known the projected title of 
Napier’s new book (Canon Mirabilis), for, in a letter to Cugerus, he 
says that “ Scotus quidam, literis ad Tychonem, jam spem fecit 
canonis illius mirifici ’’. The Scotus quidam was undoubtedly Craig, 
whose mathematical ability seems to have been a matter of European 
repute. This is shown by the autographs of two of Craig’s books 
in the Douglas bequest at Edinburgh University : (1) the Opuscula 
Mathematica of Maurolicus (Venice 1575), with an autograph to 
Craig from Gratianus Niger who pays a tribute to his learned master 
John Dee. It is written from Francfurt in 1578, in which year Dee, 
the famous mathematician, scholar, astrologer, and spiritualist (see 
D.N.B.) visited Francfurt on a secret mission from Queen Elizabeth : 
(2) Tycho Brahe’s De mundi aetherii recentioribus phenomenis (Urani- 
berg 1588), bound up with another volume, with the inscription : 
“Clarissimo et varia excellentique eruditione ornatissimo viro D, Doc- 
tori Joanni Crayeo Edenburgi in Scotia medicinam facienti et 
mathematico peritissimo dono misit Tycho Brahe et haec scripsit 
manu sua Uraniburgi anno 1588 Novemb. 2”. This book was cons 
veyed to Craig by Sir William Stewart, the military adventurer 
(D.N.B.), who visited Denmark on behalf of James in 1588, and 
commanded the six ships which conveyed the monarch, his physician, 
and his retinue of 300, in 1590. The tribute is striking, for Tycho 
Brahe does not seem to have met Craig until the latter, in company 
with James, visited the famous Uraniberg Observatory in 1590: 
it is possible, however, that Tycho had already received a manu- 
script of Craig’s astronomical treatise, the “Sublimatio” (D.N.B.). 
At about the same time as the Danish marriage and Craig’s visit 
to Tycho, a third subject was claiming Napier’s attention, in addition 
to the Apocalypse and Logarithms. The Spanish Armada turned 
his thoughts to military matters, and especially to the tales told 
about Archimedes. He constructed burning mirrors, tanks, and a 
Machine gun, and sent his results to Anthony Bacon in a paper 
(which still exists at Lambeth Palace in the Bacon papers among 
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the Tenison MSS. 658, 38) headed “ Secrett inventions profitable 
and necessary in theis deyes for the defence of this Hand in w*. 
standing of strangers enemies of God, truth, and Religion. June 7, 
1596. (Signed) Jo. Nepar of Marchistoun.” Lambeth also contains 
a MS. copy (one of the Wharton manuscripts) entitled “ Trigono- 
metria Neperiana seu institutio Trigonometriae Spheriae ex mente 
Johannis Napier Baronis de Marchiston”’. Details of the “ Secrett 
inventions ” are to be found in Macdonald’s article on Napier in 
D.N.B. Since he wrote, the Great War has revealed Napier’s 
practical genius. For the purpose of this article, however, the point 
to note is that his genius was focussed on the Archimedes legends, 
and, consequently, on the actual text. 

In 1594, when John Napier was at work with his Canon, his son 
Archibald matriculated at Glasgow, and in the same list there appears 
the name of James Douglas. Thus was formed a friendship destined 
to lead both men to Whitehall as the king’s intimate servants. From 
the fact that Archibald Napier was sent to Glasgow it may be in- 
ferred that his father approved of the work of Andrew Melville at 
that University (1574-1580) in introducing classical Greek into the 
curriculum : according to James Melville’s Diary, Andrew himself 
taught the poets and dramatists. In 1578 George Buchanan pre- 
sented many Greek texts to the library, including Homer, Plato, 
Demosthenes, Aristotle, Aristophanes, Lycophron, Euclid, Apol- 
lonius, Strabo, and Suidas. There is no mention of Archimedes, but 
the inclusion of a Greek Euclid and of Apollonius is noteworthy. 
It is likely that both Archibald Napier and James Douglas were 
sent to Glasgow as a preparation for the king’s service. The former 
followed up his academic career by publishing in 1598 a treatise on 
The New order of Gooding and Manuring all sorts of Field Land with 
Common Salt, etc., and by receiving from James VI a patent for 
the process. As for James Douglas, he was almost immediately 
appointed the king’s private secretary (secretarius in aula). He was 
the youngest of the nine sons of Sir William Douglas of Whitting- 
hame, ambassador to Denmark under both Mary and James, and 
a Lord of Council of Glasgow University during Andrew Melville’s 
rectorship. His uncle, Archibald Douglas, parson of Glasgow 
(D.N.B.), was implicated in both the Rizzio and Darnley murders; 
on the latter charge he was acquitted in 1586 after a “staged” 
trial, apparently in order to take up secret service work between the 
Scottish and English courts. James Douglas, however, followed his 
father’s honourable and unsensational tradition, and became ulti- 
mately the essential link between Scotland and Whitehall (Banna- 
tyne Club Ecclesiastical Correspondence). That his interests were 
mainly mathematical is proved by the remarkable collection, now 
at Edinburgh University, of his mathematical books. 

In 1603 James VI became James I of England. On his journey 
to London he was accompanied by Thomas Craig as jurist, John 
Craig as physician, and by James Douglas and Archibald Napier as 
Gentlemen of the Bedchamber. At the coronation both Craigs were 
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knighted. From this time John Napier, through his son Archibald, 
came into close touch with London affairs, and in particular with 
the mathematical activities of Craig and Douglas: in 1608, in a 
letter to his son, he writes: ‘‘ Ye sall make my commendations to 
Dr. Craig’. And it may be taken for certain that both Craig and 
Douglas were keenly interested in the outburst of book-buying 
activity at Court occasioned by care taken with the education of 
the king’s elder son, Prince Henry. In 1609 Lord Lumley died, 
and his library was purchased by James for the Prince. Lord 
Lumley’s wife, daughter of the Earl of Arundel, had been a good 
Greek scholar. To her and to Lumley’s brother-in-law, Humphrey 
Lloyd, the Welsh archaeologist, the excellence of the library was 
due. Many new books were also bought, and bound in the Prince’s 
arms : among them was a Basel Archimedes. In 1612 Prince Henry 
died, and the books, several hundred in number, passed into the 
Old Royal Library, until they were presented by George II to the 
British Museum, their present home. It is of course certain that 
the three Scottish courtiers had access to the royal library. Douglas 
even drew upon it for his own use, one hopes with the royal per- 
mission. Among his books at Edinburgh University there is a Greek 
Euclid, bearing a binding device of a Tudor rose, flanked with E.R. 
(Elizabetha Regina or Edwardus Rex) : there is another book with a 
James I binding. But Prince Henry’s Archimedes was beyond his 
reach: he may have satisfied his mathematical cupidity by pur- 
chasing for his own use the copy which he afterwards bequeathed to 
Edinburgh. He may even have sent to his Alma Mater, Glasgow, 
the copy which still exists there, unaccounted for: but this is mere 
surmise. 

From London we turn to pick up the course of events in Edin- 
burgh. In 1608 Napier’s father died, and John, with his family, 
took up residence at Merchiston. He thus came into contact with 
the civic life of Edinburgh and with the new University, where his 
son Robert matriculated about 1609, apparently as a result of the 
change of residence, for he was about twenty-five years old. In 
1612 he graduated and marked the event by a gift of books from 
the father’s library. The fate of John Napier’s books has always 
been something of a mystery. On Ist June, 1934, I received a letter 
from Lord Napier and Ettrick, in which he writes: “I wish we could 
give you the information you desire in regard to the books of my 
ancestor ‘old log’. We have still in the family a most interesting 
collection of his original mathematical works, his ‘ bones ’, and books 
written by him on other subjects. But of the fate of his library, 
or its sale, I have never read or heard.” It is probable that Napier’s 
library passed into the hands of his son Robert Napier of Culcreugh 
and his descendants, and perished early in the nineteenth century 
at a fire in Renfrewshire mentioned by Mark Napier in De Arte 
Logistica (the manuscript of which—written out for Briggs—only 
escaped through the happy accident of having been presented by 
William Napier of Culcreugh to the fifth Lord Napier). 
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Fortune, however, has revealed the existence of one of Napier’s 
books. On 4th June, 1934, Dr. Sharp of Edinburgh University 
Library, writes thus: ‘“ By accident I hit on a book which 
probably came from Napier’s library. It was presented, with two 
other books, by Robert Napier, on graduation in 1612. It was cus. 
tomary then for graduands to present books to the library. The 
book in question is ‘ Doctissimi viri . . . Joannis de Regio Monte de 
triangulis omnimodis libri quinque . . . Accesserunt D. Nicolai Cusani 
de quadratura circuli. Norimbergae in aedibus Jo. Petrei, 1533’, 
It is in an old blind-stamped binding. The inscription reads ‘ Dona- 
tus sum Academiae Edinburgenae cum Munstero de Horologiis et 
Volfgango in Esaiam a Roberto Nepair Anno Domini 1612’. The 
special interest of it lies in a printed black ink stamp gm@g~ Jhon 
Nepair, on the title page and the last page of the book. I have no 
doubt that the book was presented by Robert Napier from his 
father’s library, and, let us hope, at his father’s wish.”’ (L. W. Sharp). 

The publication of the Descriptio in 1614, though no secret at 
Edinburgh and Whitehall, took Oxford and Cambridge by surprise, 
Briggs, the Savilian Professor of Geometry, made pilgrimages to 
Merchiston in 1615 and 1616 to express his interest, and to suggest 
the transition to Common Logarithms (there is a humorous story 
that at first sight of each other the two men stood in speechless 
admiration for a quarter of an hour). The conclusion seems inevitable 
that Napier was unknown at the English Universities. It is true 
that there were two branches of the family, in Dorset and Devon. 
The former was the older and more remote. Wood records that 
Edward Napier was buried in 1558 at St. Peter’s-in-the-East at 
Oxford, and that he left bequests to Merton and All Souls. Sir 
Robert Napier, Judge, was M.P. for Dorchester in 1586. The Devon- 
shire branch was founded by Alexander, the younger brother of the 
man who fell at Flodden. He settled at Exeter about 1540, and 
became the father of Richard Napier the astrologer (D.N.B.). 
Richard matriculated at Exeter, Oxford, without taking a degree: 
his nephew and heir became Fellow of All Souls. From all this it 
would be tempting to conclude that John Napier knew something 
of Oxford, and especially of Sir Henry Savile, who founded the 
chairs of Geometry and Astronomy, and possessed two copies of the 
Basel Archimedes (one now in the Bodleian, the other at Trinity, 
Dublin). But all the available evidence points to the conclusion 
that the two men were unknown to each other. 

In 1615 Rivault’s Paris edition of Archimedes appeared, too late 
to have been used for the Descriptio (and the word logarithm). Its 
forthcoming appearance may, however, have been known for soni¢e 
time beforehand, and may have aroused increased interest in the 
existing copies of the Basel edition. 

In 1617 Napier died. His literary work was taken over by his 
son Robert, who made a copy of De arte Logistica for Briggs, and 
in 1619 saw the Constructio through the press, contributing the 
valuable preface already mentioned. Soon after John’s death his 
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son Archibald, who had been made a Privy Councillor, returned to 
Scotland. In 1622 he was appointed treasurer-deputy for life and 
in 1627 created Baron Napier. In 1630 the Charter granted by 
Charles I to Glasgow University contains the words “ cum consensu 
predilecti consanguinei et consiliarii Archibaldi domini Naper de 
Merchiston nostri deputati’. The close of his life was rendered 
exciting by his co-operation with his brother-in-law Montrose in his 
campaigns. He died after the defeat at Philiphaugh in 1647. 

In 1619, two years after John Napier’s death, the fourth of the 
copies of Archimedes, to which I have drawn special attention, made 
its appearance in the Edinburgh University Library. In that year 
a bailie of Edinburgh died named William Rig, who had been a 
prominent figure in the civic life of Edinburgh because of his extreme 
Protestantism: a year later his son, William Rig the younger, was 
fined by James fifty thousand pounds Scots, and imprisoned, for 
attacking those Edinburgh ministers who advocated the kneeling 
form of Communion. During the period 1620-1624 the Privy Council 
(including Archibald Napier) appealed to the king for clemency. 
Rig senior left money to Edinburgh University which was laid out 
in books by his son. The Library still possesses a printed list, issued 
at the time, with the heading: “‘ Guilielmus Rig trecentas minas ad 
Bibliothecam Academiae Edinburgenae augendam testamento reli- 
quit : qua quidem pecunia unicus filius et haeres ejusdem nominis, 
consensu et consilio Praeceptorum Academiae, infra scriptos libros 
coemit et Bibliothecae addidit Anno Domini 1619’. There are 
26 items in the list, of which the 1544 Archimedes already men- 
tioned is numbered 16. The books are not mainly mathematical, 
but there are volumes by Antonius Maginus, Alhazen, Guido Ubal- 
dus, Tycho Brahe, and Euclid. It is tempting to imagine that the 
Archimedes may have belonged to Napier, having been sold soon 
after his death. But in this case the book would probably have 
shown his book stamp, already mentioned. It is interesting to note 
that it was purchased consensu et consilio of the University tutors, 
one of whom, in 1614, had contributed to the Descriptio some compli- 
mentary verses. 

In 1620 John Craig died in London, and his mathematical books 
passed into the possession of James Douglas, who bequeathed them, 
on his death in 1635, with other mathematical books of his own, to 
Edinburgh University. A contemporary manuscript list is headed : 
“Catalogus librorum mathematicorum quos Jacobus Douglassius 
Wittingamius Jacobi Regi Sexto secretarius Academiae Jacobi Regis 
testamento legavit”’. It is endorsed ‘‘ Catalogue of the books de- 
livered be Harie Young to King James his College at Edinburgh 
Decemb. 1635”. Harie Young may have been a son of Robert 
Young, the Edinburgh printer. There are 85 items on the list, one 
of them being James Douglas’ own copy of the 1544 Archimedes. 

Such, in brief, is an account of what is as yet known about the 
indebtedness of Napier to Archimedes. I venture, however, to add a 
tentative reconstruction of the sequence of Napier’s reading and 
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thought. It is probable that during his stay on the Continent (1564- 
1570) he (1) studied the New Testament in Greek ; (2) read recent 
mathematical writers (who of course used Latin as their medium), 
especially Regiomontanus and Stifel (the latter a curious precursor of 
Napier in his blend of mathematics and apocalyptic polemics) ; (3) 
became acquainted with the anecdotes told about Greek geometry 
and science by the Latin writers of three centuries later ; (4) may 
have examined Greek texts of Archimedes, Apollonius, and Hero 
(there is no evidence that he ever took interest in Greek poetry, 
drama, history, or philosophy, though, like every educated man, he 
could write Latin verses). During his early married life (1572-1588) 
he was busy with the Plaine Discovery and, as a hobby, with such 
things as imaginary roots of equations in De Arte Logistica. In this 
period Andrew Melville transformed classical study in Scotland by 
his work at Glasgow (about twenty miles distant from Gartness), 
and Buchanan’s handsome gift of classical texts gave Napier access 
to Euclid and Apollonius in Greek (furthermore it indicated that 
Edinburgh booksellers were by this time enterprising enough to 
import Greek folios from the Continent). To Napier (who took little 
delight in Pure Geometry) the importance of Euclid lay mainly in 
the discussions of continued proportion in the eighth and ninth 
books : from Apollonius he took some ideas about the screw and 
also about decimal notation. The Spanish Armada turned his atten- 
tion to Archimedes as well as to the Pneumatica and Automata of 
Hero of Alexandria: the “‘ Secrett Inventions” show the influence 
of both writers, as does the patent which Napier took out in 1596 
for a hydraulic screw and revolving axle. I imagine that he ordered 
copies of Archimedes and Hero from Edinburgh. Amid this practical 
science came John Craig’s visit and (somehow) the first concept of 
logarithms, based on (or rather conditioned by) Regiomontanus, 
Stifel (who had compared arithmetical with geometrical progression), 
Euclid, Apollonius, and Archimedes. The first period of laborious 
computation coincided with Archibald Napier’s residence at Glasgow 
University. From 1603 to 1608 Napier heard much, by letter, of 
London and its books (though it is unlikely that he took the slightest 
interest in Shakespeare and the stage). Indirectly he made the 
acquaintance of Prince Henry’s mathematical tutor, Edward Wright, 
the future translator of the Descriptio. From 1608 to the end Edin- 
burgh and its University gave a new impulse to his intellectual life, 
as well as to his love of lawsuits, family feuds, and religious con- 
troversy (he was a “ bonnie fighter ’’). The forthcoming appearance 
of the Descriptio was known long beforehand to Andrew Hart, the 
publisher, and to the University staff (witness the complimentary 
verses contained in it from an Edinburgh professor). From 1614 
to 1617 Napier, a dying man amid his triumphs, dealt with Briggs’ 
transformation of logarithms, with Wright’s translation, with the 
manuscript of De Arte Logistica, with the Rabdologia (Napier’s bones), 
with the final revision of the Constructio, and with foreign corre- 
spondence (the famous letter from Kepler arrived after his death). 
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It has not been possible to associate a copy of Archimedes directly 
with Napier, but his interest in the author is shown by his other 
writings. And it is clear that Greek texts from Germany, which 
in Napier’s youth had scarcely reached this country, poured into 
the eastern ports of Scotland and into London in the period of his 
maturity (1575-1617). Within this period nearly all of the 34 
existing copies of Archimedes made their appearance: after 1615 
the newer Paris edition was preferred. In this renaissance of Greek 
literature and science Scotland, thanks mainly to George Buchanan 
and Andrew Melville, was for a time ahead of the southern uni- 
versities. Napier had both the wish and the opportunity to read 
Archimedes : but the main proof that he took the word “ logarithm ” 
from the “‘ Psammites ”’ lies in an examination of the passage itself. 

The sources used in this article, in addition to those specified in 
the D.N.B. articles on John Napier, Archibald Napier, and John 
Craig, are the Munimenta of Glasgow University, the Ecclesiastical 
Letters of the Bannatyne Club, and, on the Douglases of Whitting- 
hame, the Birthbrief of Robert Douglas a Swedish general (Great 
Seal Register, ix, 1995). Personally I am indebted to the Librarians 
responsible for the 34 specified copies of the Basel Archimedes, and, 
above all, to Dr. L. W. Sharp of Edinburgh University. 

It is possible that further research will reveal the fate of John 
Napier’s books and the subsequent career of his son Robert. 


W.R. T. 





1016. The [Riemann-Christoffel] tensor is known to all advanced Mathe- 
maticians. It is one of the technical expressions used in non-Euclidean geo- 
metry; and though it was discovered by Riemann in connexion with a 
concrete problem in physics, it has now become of widespread importance in 
the mathematics of relativity. It’s highly scientific in the abstract sense, and 
can have no direct bearing on Sprigg’s murder.—S. S. Van Dine, The Bishop 
Murder Case, chap. 9. 


1017. I had the privilege of doing Einstein’s portrait... During one of 
two sittings a solemn stranger looking, I thought, like an old tortoise, sat 
listening to Einstein, who, so far as I could understand, was putting forward 
tentative theories, his expressive face radiant, as he expounded his ideas. 
From time to time the stranger shook his heavy head, whereupon Einstein 
paused, reflected, and then started another train of thought. When I was 
leaving, the presence of a third party was explained. “He is my mathe- 
matician”’, said Einstein, “‘who examines problems which I put before him, 
and checks their validity. You see, I am not myself a very good mathe- 
matician ”’.—W. Rotherstein, Men and Memories. [Per Mr. H. Peat.] 


1018. [Nathaniel Belvoir receives from an uncle a yearly allowance of £1000 
subject to a yearly deduction of £100 until he gives up Socialism. He says :] 

“Thus my uncle set himself to sap my political principles by a process of 
arithmetical retrogression ”’. 

“You mean”, said Ernest, who was now nearly fully awake, “the opposite 
to arithmetical progression. But arithmetical progression, if you don’t mind 
my saying so, works both ways ”’. 

“I see you are a mathematician”’, said Nathaniel, ‘which I hope is the 
worst I shall ever find to say about you”.—R. C. Woodthorpe, London is a 
Fine Town. [Per Mr. F. C. Boon.] 

























THE MATHEMATICAL GAZETTE 
MATHEMATICAL NOTES. 


1142. An n-dimensional extension of Pythagoras’ Theorem. 

There are at least two natural analogues in higher space for the 
plane right-angled triangle. The one that concerns us here is a 
simplex in which one set of covertical edges are all perpendicular. 
In ordinary space, this is a tetrahedron of the kind that can be cut 
off from one corner of a rectangular block. Three faces of this tetra- 
hedron are right-angled triangles, and Versluys * has shown that the 
sum of the squares of their areas is equal to the square of the area 
of the fourth face (“‘ hypotenuse ’’). The object of the present note 
is to state and prove the analogous theorem in dimensions : 

If the edges OP,, OP,, ... OP,, of a simplex OP,P,... P,, are all 
perpendicular, and if the bounding simplexes opposite to the vertices 
O, P,, Po, ... P, have (n—1)-dimensional contents A, A,, Ag, ... Ay 
respectively, then 

At=A,?+ A,*+...+A,?. 


Taking OP,, OP,, ... OP, as axes for Cartesian coordinates, the 
hyperplane P,P, ... P,, is 


- i. Te 
A, ds, An 
where a,=OP,,. 

Let’ C denote the n-dimensional content of the whole simplex, 
and h its “ altitude ” from the “ base ” P,P, ... P,, to the “ apex ” 0. 
By the well-known formula for the length of the perpendicular from 
a point to a hyperplane, 


eS aE ee 
Wa? az a," 


If, on the other hand, we regard P, as the apex, the altitude is 
simply a,. Thus 
Ah/n=C=A,a,/n, 


so that A,=Ah/a,, 
| 5 ee 
and Af+Ag+...44,2= 4% (5 4—54...+—5) 
a a? a,” 
nit, 


as required. 
In the special case when 


@,=a,=...=a,=1 
(so that all the remaining edges are of length ,/2), we have 
h=l/J/n, A,=A,=...=A,=1/(n-1)!, 
and A=A,/h=/n](n-1)!. 
P. 8. Doncutan and H. S. M. Cox®TER. 


* Handboek der Stereometrie (Amsterdam, 1911), 85. 
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1143. T'o bisect a triangle by a line drawn through any point in tts 

plane. 

Mr. J. Travers gives a neat solution of this problem in Note 759, 
Gazette, XII (March 1925), p. 342. Sir Thomas Heath in A Manual 
of Greek Mathematics gives Euclid’s analysis for the more general 
problem, namely, to divide the area in any given ratio. For the 
particular case the analysis gives the following solution : 


Let ABC be the triangle, D the point through which the bisecting 
line is to be drawn. Draw DE parallel to BC to meet AB in EL. 
From BC cut off BL equal to 2DE. Construct the triangle LBF 
of the same area as ABC. 











B HC & 
Fia. 1. Fria. 2. 


Draw a line FBE of length FB+ BE (Fig. 1), and draw a circle 
to pass through HE and F ; through B draw a chord GBK of length 
BF. From BF (Fig. 2) cut off the length BG. Join GD and pro- 
duce it to meet BL in H. 


Then BG.BK=BF.BE, 
so that BG (BF — BG) =BF (BG -GE), 
and therefore BG?=BF .GE 


=AB. AC .GE/BL 
=}A4B. AC.GE|DE 
=}4B. AC. BG/BH. 
That is BG. BH =}AB. AC, 


and the area of the triangle GBH is half the area of the triangle ABC. 
F. C. Boon. 
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1144. A problem in probability. 


A line of given length is divided into three parts by two points 
taken at random within it. To find the probability that the three 
sections into which it is divided will form a triangle. 

Let x, y, z be the three sections and consider (a, y, z) as a point in 
[3]. Then we have that 2, y, z are positive and 


x+y+z=constant= unity, suppose. 
Also, in order that a triangle may be formed, we have 
Y¥+t2>2, 2+4>Yy, @+Y>z%, 
that is, x, y, z< }. 








x 


Let the points (1, 0, 0), (0, 1, 0) and (0, 0, 1) be A, B, C respec- 
tively. Then the point (x, y, z ) must lie on or within the triangle 
ABC. Also the planes z=}, +: 3, z=4 meet the plane ABC in 
the lines B’C’, C’A’, A’B’, where A’, B’, C’ are the mid-points of 
BC, CA, AB. 

Thus the conditions x, y, z<4 are satisfied inside the triangle 
A’B'C’, and the probability required is given by 

area A’B’C’ : area ABC 
= (area ABC —3 area AB'C’) : area ABC 
=1-3.2=}. 

Let us now extend the problem. Suppose the line is divided 
into four sections x, y, z, t by three points taken at random within 
it. What is the probability that the four sections will form 4 
quadrilateral ? 

Consider (x, y, z, t) as a point in [4]. Then again we have 2, y, 2, 
positive and «+ y+z+t=constant=unity, say. 
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Also y+z+t> a, etc., giving x, y, z,t<}. 

Now x+y+2z+t=1 represents a [3], and taking the conditions 
that x, y, z, t are positive into consideration, we have that the point 
(x, y, z, t) must lie inside or on the surface of the tetrahedron ABCD 
formed by the points (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1). 
Also if the mid-points of AB, AC, AD, CD, DB, BC are B”, 0”, D”, 
B’, C’, D’ respectively, then the conditions 2, y, z, t<4 imply that 
the point (x, y, z, #) must lie within or on the boundaries of the 
figure formed by the six points B’’C” D’’ B’C’D’. 





Thus the required probability is given as 
volume B’C’D'B"C"D" : volume ABCD 
= (volume ABCD — 4 volume AB"C'’D"”) : volume ABCD 
=1-4,.2°%=}. 


The extension to the case of a line of given length which is divided 
into (n+1) sections by ” points taken at random is now evident. 
The probability that the (n+1) sections will form an (n+ 1)-sided 
figure is evidently 1—-(n+1).2-". The proof is exactly parallel in 
n+1 dimensions to those in three and four dimensions already given. 
t+y+z+...+k=1 is a prime in [n+1] and combined with the 
inequalities x, y, z,... k>O gives an [n]-space, joining the n points 
(1,0, 0, ...), (0, 1, 0, ...) ... (0, 0,...1). The "C, mid-points of the 
lines form another [n]-space, and the ratio of the two spaces gives 
the required probability as 1 — (n+1) .2-”. 

It will be noticed that this probability tends to unity as » tends to 
infinity, a fact which might be deduced from a priori considerations. 

H. H. Brazier. 

1145. Note on Approximate Integration. 

There are many rules which can be used in the approximate 
evaluation of an area and new formulae can always be devised. 
Generally, however, they fall into three classes : 

(2) Equidistant ordinates. 
(6) Chosen ordinates (Gaussian method). 
0 
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(c) Chosen ordinates with equal weighting factors or multi- 
pliers (Tchebycheff method). 

The weighting factor is of course the multiplier which is attached 
to any particular ordinate and which therefore gives its comparative 
importance. 

In actual practice, my experience is that students generally prefer 
rules with equidistant ordinates despite the fact of the economy of 
ordinates in the Gaussian rules*. All the equidistant ordinate rules 
tend to become rather complicated the higher the degree of the 
approximation curve. Whilst the chances are that a rule framed on 
an approximation curve of high degree will give a greater degree of 
accuracy than one derived from a curve of lower degree, yet there 
is no guarantee that this conclusion will be true. Consequently 
simplicity must play an important part in the choice of a practical 
working rule. Herein lies, I think, the popularity of the mid- 
ordinate rule. It would be interesting to know how this rule was 
originally derived. Was it obtained from common sense as a rough 
shot in much the same way as the Hatchet Planimeter was said to 
have been invented by a boilermaker who had no knowledge of the 
mathematical evaluation of areas by integration? In fact there 
are several rules which do not seem to have the theoretical back- 
ground associated with the Trapezoidal, Simpson, Weddle, Gaussian 
or Tchebycheff rules. For example, Mr. Durell mentions on p. 14 
of his School Mechanics, Part I, Dufton’s Rule. Now, while it is 
comparatively easy to formulate new rules using the accepted theory 
of approximate integration, the converse problem of assigning to a 
practical rule, such as the mid-ordinate or Dufton’s rule, its definite 
place in the theory is much more difficult. 





B 














Cc x 


In the figure, the area ABCD has its length CD divided into ten 
equal parts. Mark the ordinates as shown 4, Yo, .-- Y- 
The mean ordinate is approximately 


5(Y2+ Yat Yo+ Yet Yr0)> 
and the area is approximately the length CD multiplied by this 
mean ordinate. Thus to find the area between CD, the arc AB, and 
the ordinates AD and BOC, divide CD into ten equal parts and 
multiply one-fifth of the length CD by the sum of the even ordinates. 
In this rule we have the advantages that the ordinates are equl- 
distant and that the multipliers are all unity. This latter fact 


*n chosen Gaussian ordinates give the same accuracy as 2n-1 equidistant 
ordinates. 
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suggests comparison with the Tchebycheff system, and we find in 
fact that the mid-ordinate rule in the above form is really an 
approximation to a more refined Tchebycheff one-fifth rule*. It 
would seem, therefore, that the mid-ordinate rules are good sim- 
plifications of the Tchebycheff rules, although they must have been 
used long before the Tchebycheff system was devised. 

In view of the above considerations one hesitates to inflict on 
Gazette readers yet another rule. 

Divide the length CD into twenty equal parts, numbering the 
ordinates ¥,, Ya --- Yx, the area ABCD is 


§CD (Yq + 2411+ Yoo + 2416 + 2Y¢)- A. Buxton. 


1146. Multiplication of determinants. 

Teachers of mathematical specialists, who, near the end of what 
they give to their pupils on determinants, teach them the rule for 
multiplication, are not unlikely to find that this is apt to be regarded 
by their pupils as a piece of work rather “ in the air ” ; to be learnt 
no doubt for examination purposes but otherwise useless. If so, 
they may be interested in this application of it, which was pointed 
out to me by my pupil, T. E. Smith, Scholar of Caius. 

If the expression 


ax* + 2hary + by? + 2ga + 2fy+cx (la+my+n)(UVae+m'y+n’), 
then the product of the zero determinants 











| ia x | | ane! eee st 
mm 0 m m 0 
n nv O| | vc 8. | 
=f 2il’ lm’ +m In’'+ IU'n | 
lm’ +1U'm 2mm’ m'n+m'n | 
In’ + Un mn'+m'n 2nn' | 





which therefore vanishes if the conic is two straight lines. 
C. O. TUCKEY. 


1147. Moments about the instantaneous centre. Expansion of a 

remark in a review. 

In my review of Gray’s Dynamics (Gazette, Dec. 1934, p. 331), I 
made the following comment: “It is said that rotation of a rigid 
body round any axis A can be obtained from L4=I,4w. The axes 
must, of course, be through the centroid or the instantaneous 
centre”. Professor Piaggio has kindly suggested to me that I should 


* Area=3CD(yq' +44’ +Ye+Ys' +¥10) where 
Yo's Y10° are -+ -4162 CD from Ye 
Yu's Ye are + -1872CD from yg. 
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amplify this statement, because although it is true about the centroid 
it is not true about the instantaneous centre in every case. 

The question is discussed in Loney’s Elementary Dynamics of a 
particle and of a rigid body (p. 287) ; in Besant and Ramsey’s 7'rea- 
tise on Dynamics (p. 309 and p. 317); and in Prescott’s Mechanics 
of particles and rigid bodies (p. 448). In the notation of Gray’s book 
the method used in Loney and in Besant and Ramsey is briefly as 
follows. Let A be an axis through the instantaneous centre and 
let A have coordinates (x, y) relative to axes through the centre of 
gravity G. Also let G have velocities w and v parallel to the axes. 
Then 
L4=Mk,Pa+ M (yu — 2%). 





But, since the instantaneous centre is at A, w=yw and v= —2w. 
M 7 
Thus L4=Mk,?o +— (ui+ vv) 
W 
ld 
— 2 2,..2 2 2 
~ a (to w? + u? + v?) 
ld s 
=e M (k,? +1?) w*, 
since u? + v2 = (x2+ y?)w*?=r?w*?, where r=GA. 
Hence L4=M(k,?+17?)o+ Mriw 


=I4o+ Mriw. 


Therefore the equation takes the form L4=I4@ only if *=0. 

Now it is not made clear in Loney or in Besant and Ramsey that 
here r is the distance of G from the instantaneous centre considered 
as a point moving in space, and not the distance of G from the fixed 
point in space with which the instantaneous centre coincides for the 
moment. But consideration of the above proof shows that we are 
not justified in differentiating with regard to ¢ after putting u=yo, 
etc., unless these equations remain true from instant to instant ; 
that is, unless A continues to be the instantaneous centre. 

Since the instantaneous centre moves along the space centrode 
and @ moves at right angles to AG, it is clear that the condition 
*=0 holds only if G is on the normal to the space centrode at the 
instantaneous centre. Consequently, if the equation is to hold from 
instant to instant, the body centrode must be a circle with the centre 
of gravity as centre. 

An alternative treatment is given by Prescott. He supposes that 
A is an axis fixed in the body which has coordinates (x, y,) relative 
to axes fixed in space, and that the coordinates of an element of the 
body are (x5, ¥2) relative to axes through A. Then 


La = 2m|[ (x, + Xa) (J+ Yo) — (Yr + Yo) (4%, + ¥o)], 
and hence, if A is for the instant at the origin, so that 2,=y,=9, 
La = Xm (Xaijo— Yaa) + (A mx.) yy — (mys) ¥, 
=I4w+ M (ay, — F,). 
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Therefore the equation takes the form L4 =I 4a, if 9,/7=4%,/%, that is, 
if the acceleration of the axis A is towards the centre of gravity. 
This result is more general than that given by the first method. 
Moreover, it is important to notice that, whereas in the first method 
A was the position of the instantaneous centre in space, in the second 
it is an axis fixed in the body which may happen to pass through 
the instantaneous centre. 

It is necessary to show that the two results agree. To do this we 
have to show that when a point of the body is the instantaneous 
centre, it has an acceleration along the normal to the space centrode. 





Let A’ be a position of the instantaneous centre and J the position 
of the instantaneous centre after a time St. Also let the particle of 
the body which was at A’ have moved then to A. Then A has 
acquired a velocity nearly AJ .w along A’A in time dt. Hence its 
average acceleration is (AJ .w)/5t along A’A. In the limit when 8¢ 
tends to zero this becomes wV along the normal at J, where V is the 
velocity of J along the space centrode. Thus the point of the body 
which is the instantaneous centre has an acceleration along the 
normal at J, and therefore has an acceleration towards G if G is on 
the normal at J. H. V. Lowry. 


1148. Why use tables ? 

As everyone knows, 7? is not very different from 10; log z, to 
base 10, is therefore roughly 0-5. Can we tell, without consulting 
tables, how close this approximation is, and can we improve on it ? 

Firstly, since 7=3-142 and /10=3-162, to this order, 

‘020 
= 10 (1-2). 
per iad er 


But, if 2 is small, x is itself a first approximation to log,(1+.x), and 
therefore a first approximation to log,)(1+) is x loge. As our 
numerator -020 is reliable to only 1 in 20, we can adequately take 


‘020 0-43 
— aa j= + a — ORS 
log (1 x16) 158 0-0028, 
implying log 7=0-4972. 


To obtain an approximation of another kind, we may calculate 
the difference between 7? and 10. By direct multiplication, 


7?= 9-86960 = 10 (1 — -013040). 
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74= 10?(1 — -026), 
and since 2!°— 1024, we have 


x 9= 16, 





Hence, roughly, 


correct to 1 in 500, giving the remarkable first approximation 
log 7=4(5- 10 log 2) 
= 0-4974, 
which is in excess in the fourth place. 
More accurately, 
a4 = 10? (1 — -02608 + -00017) = 107(1 — 02591), 
a x 2° — 105(1 — -00191 — -00062) = 105 (1 — -00253). 
Ignoring the last figure for the sake of simplicity, we have 
log 7=}(5—-10 log 2 — aq log e) ; 
it log 2 is known to six places and log e to three, this gives 
log 7=0-49715, 
correct to this order. The use of -00253 instead of z}o as the multi- 
plier of log e gives 
log 7=0-497150. 
If we suppose log 3 known, our field is widened. Most crudely, 
a=3(1+-047), suggesting a comparison with (1+ -024)*. That is, 
ax 10®=2"x 3, log 7=20 log 2+ log 3- 6=0-4977, 
in excess by about 75 log e and therefore reliable to three places if 
cut down to 0-497: it is interesting to notice that the process of 
discovery warns us against smoothing upwards to the nearer decimal 


0-498, even if we do not examine the error closely. If we attempt to 
improve this approximation, we have 
a=3(1+-04720), 2%=10%(1+-04858), 
and therefore 
a x 10®=2” x 3(1 — -00132) ; 
the adjustment can be made, but the factor is ugly. 

We can modify our approximations by means of powers of 2 and3 
and avoid the use of e if we have a power of 2 and a power of 3 which 
begin with the same digits. The simplest combinations which are 
suitable give us 

3 x 25=107(1 — -04), 3 x 24°= 10°(1 — -01696), 34=2° x 10(1 + -0125), 
accurately, and 
216— 38 x 10(1—-00113), 3!8=24 x 105(1 — 00355) 
correct to the fifth place. Using the third of these, we find 
a x 34= 28 x 107(1 — 00054 — -00016) = 2° x 102(1 — 00070), 
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and since identically 5 x 113=355+3 x 70, we have approximately 
m® x 312 x 313 x 3 x 105= 29 x 108 x 24 x 105 x 28, 


giving log 7=}(6+ 93 log 2 — 65 log 3), 



























or in a form convenient for computation, 
log 7=1+ 5 log 2 — } {64 (log 3 — log 2) + (log 3+ log 2)}; 


this is slightly in excess in the sixth place. If we cannot reach this 
order of accuracy without numerical factors as large as 65 and 93, 
we are better advised to accept the factor 1 — -00070, when we have 
the simple approximation 





log 7=}(24+3 log 2-4 log 3 — zoids log €). 


All our results are mere curiosities. Their discovery is, however, 
an excellent exercise, especially if the order of error is estimated in 
advance. The student who will find for himself means of calculating 
from log 2 and log 3, supposed known to seven places, and log e, 
supposed known to four places, the logarithms to six places of a 
succession of small primes, will learn more about logarithms and 
approximations than he will learn from a multitude of algebraical 
nulti- transformations. The simplest formula occurs when a power p* is 
such that p*—1 and p*+1 are both expressible in terms of 2, 3, and 
5; thus we have 492?=48 .50+1, whence 
—_ log 7=}(24+3 log 2+ log 3+ zdgq log e), 
it is, 
with an error not greater than § x (s¢s9)?._ But, more generally, if 
N-a and N +6 are both known, N+? is approximately 


ces if 
an (N —a)?(N +6)*; 
re thus, noticing the position of 242 between 240 and 243, we have 
ip 
’ 243? x 240 = 2423 — 3 . 242-2, 
that is 116=3" x 10+91, 
a ‘1 
implying log M=4(1+01 log 34am log e) ; 
correct to ten places. 
and 3 It would be amusing to assign marks, taking account of the sim- 
which plicity of an approximation, the order of accuracy, the ease with 
h are which the numerical value can be derived from it, and the directness 
of the process of discovery ; a competition on these lines is recom- 
125), mended to the Junior Mathematical Association. 


E. A. GUGGENHEIM and E. H. NEvmILye. 


1149. Bessel Functions for Engineers. 

In his review of my book having the above title, W. N. Bailey 
says ““. . . the needs of the engineer have been kept in mind almost 
continually, and yet there are occasionally strange departures from 




















216 THE MATHEMATICAL GAZETTE 
this point of view. For example, on p. 64, the formula 


9 n-+t 12 \n" gi 
Jue (2)= ere { (145, van :) dB Vay Sea (1) 


is quoted without proof. One wonders whether this formula is of 
any use to the engineer... .” 

In the present contribution a case is treated where the above 
formula occurs in Acoustical Engineering. At the beginning of 1926, 
whilst developing the theory of the moving-coil hornless loud- 
speaker, I obtained a formula for the sound pressure at a great 
distance from a disk vibrating axially in an infinite plane, situated 
in a fluid medium *. The formula in question is 


péa* et (wt— bn) Ja (basin $) eeecccccccccccccccces (2) 
r kasind ” 


where a=radius of disk, r=distance of spatial point from centre, 
¢=angle between axis and line from centre to point, €=axial 
acceleration (simple harmonic motion assumed), k=w/c, w=2a 
frequency, c=velocity of sound, p=density of ‘anid. For points 
situated on the disk, the analysis is more complicated and involves 
hypergeometric functions f. When the point is near the disk, it can 
be shown that, omitting the time factor e*, the velocity potential 


thereat is given by 
a e~ikr 
p= Ef] : DOs ceticenbonivcaiadionial (3) 


where dA=adxd0 is an elementary area of the disk, x the radius 
of the element, @ its angular position, r= 4/(r? +a? — 2rz sin ¢ cos 8), 
and é the axial velocity. Thus we obtain 


p= 


23 = 
=-. xdx é, GO eineacssosetneoacouel 4 
i) on ome Le (4) 
Now { 
e~tkr 2 (n+ 1 : 
Se SET) _g a br) ing y (hr) 
n=0 re 
x Jia (hee) ce IIIIIL, © vcsnccduccsdcepsanieceecual (5) 
M pd 


Consequently the first integral in (4) includes terms of the form 
b (kr) c(i) | P,, (sin ¢ cos 0)d8, 
0 


* Proc. Roy. Soc. A. 122, 604, 1929. Delay in publication was due to causes 
over which the author had no control. The elements of the analysis were described 
in The Wireless World, 20, 345, 1927 ; 21, 357, 1927. 

¢ Phil. Mag. 14, 1012, 1932. 
¢ Watson, Bessel Functions, (9) and (10), p. 366. 
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which vanishes if is odd, but has the value 
2a (kr) f (kx) P,, (cos $) P,, (0), 


when ” is even. The second integral in (4) involves terms of the 
form 


P . (kr) [. a? Jn 5 (kee) dx, 
0 


the integrand of which ean be expressed in circular functions using 
formula (1). It follows, therefore, that this formula is not such a 
“strange departure ” as Dr. Bailey imagined. 

In modern engineering science, the use of Bessel functions is so 
extensive that practical applications are found for some of the most 
academic-looking formulae—which reminds us that conic sections 
were studied some 1500 years before being applied in practice. 
Quite a number of infinite integrals are of use in practice, e.g. the 
Weber-Schafheitlin integral. Lommel integrals find a place in 
acoustical engineering, as also do the series for J,,(z)J,(z) and 
J,(az) J,,(6z). Functions with fractional indices and complex argu- 
ments enter into the theory of propagation in submarine cables, 
whilst Struve’s and Hankel’s functions are used in acoustical work 
and potential distribution problems. 

Perhaps I may add that my book is intended as an introduction 
in order to get engineers interested in Bessel Functions. To reach 
those who desire to learn about the functions and their practical 
applications ab initio, it was essential to fix an attractive price (15s.). 
It would have been easy to more than double the contents, but this 
would have defeated the purpose of the book. Owing to space limi- 
tations, and to the audience to whom the book is addressed, it was 
not expedient to prove every formula given. The engineer, how- 
ever willing he may be to do so, is not permitted to spend time on 
“rigour ’’. He is paid to produce results rapidly, and so far as his 
employer is concerned, the method of obtaining the results, whether 
rigorous or otherwise, is immaterial. From an academic point of 
view this is to be deplored, but in these days of over-competition 
in industrial work (with which the mathematician is fortunately not 
associated), the engineer must sacrifice ‘‘ rigor mortis”’! Although 
this is the attitude the engineer is compelled to adopt, I can say 
from much experience that he admires the mathematician and his 
ngour in its proper place. But the engineer has his own problems 
in rigour, for in recent years much of his machinery has to be made 
to very fine limits. The modern workman thinks in terms of ten- 
thousandths of an inch or even less. What would the engineer of 
half a century ago say about this degree of rigour! Although the 
engineer admits his lack of precision, the mathematician himself is 
hot infallible. I would ask those who publish books or papers in- 
volving functions with complex arguments, to consider the last 
paragraph on p. x of my book. This is only one instance ; others 
can be found. N. W. McLacuan. 
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1150. Note on the decimal point. 


As supplementary to Dr. Muirhead’s note in the issue of the 
Gazette for February last, the following may be of interest : 
342-56=3 x 10?+4 x 10'+ 2 x 10°+5 x 107++6 x 10-, 
which for convenience may be written 
210 12 
342-56. 

Students who have learned to use positive and negative indices 
will find that the association of a digit with its place-index not only 
simplifies (i) the finding of the characteristic of a logarithm but also 
(ii) the multiplication and (iii) the division of decimals. 

(i) The characteristic of the logarithm of a number is the index 
of the first significant digit on the left of the number. 

(ii) In multiplying, say, 342-56 by 76-34, since the indices of the 
7 in the multiplier and of the 6 in the multiplicand are 1 and -2 
respectively, the index of the first digit to be written in the first 
partial product is — 1, and the digit is therefore placed in the column 
under that index. 

(iii) In dividing, say, 342-56 by -983, we divide 34 by 9, and since 
the indices of the 4 and of the 9 are 1 and —1, we find by sub- 
traction that the index of the first significant digit in the quotient 
is +2, and the digit is therefore written in the hundreds’ place. 

Junior pupils unfamiliar with negative indices may be taught as 
follows : 

Multiplication. In the example above, since the 6 and the 7 are 
in the hundredths’ and tens’ columns respectively, multiplying z)z 
by 10 we have 75, therefore the 2 in 42 is written in the tenths’ 
column. 

Division. Here the digits divided are in the tens’ and tenths’ 
places respectively, therefore by division, 10+75, we find that the 
first digit of the quotient is written in the hundreds’ place. 

One more point ; in teaching logarithms much trouble is avoided 
if, for instance, log -3 is written not 1-4771 but as -4771—1. Two 
trifling difficulties are met as follows : 


(a) Subtraction: -3010-1 (6) Division of -3247-1 by 3 
‘4771+1 is arranged as 

is written 1-3010-—1-1 3 ) 2-3247-1-2 
‘477141 Vidi iat, 


Jas. W. STEWART, 

1151. On Note 1130 (Gazette, XIX, 42). 

The writer may be interested in the following quotation from the 
article “ Logarithms, Use of” by De Morgan, in Eng. Encyel., 
Vol. 5, p. 335 (1860) : 

“8. It is worth while to remark that this broken rule, [for finding 
the characteristic], as it seems to be, requires subdivision only on 
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account of the notions generally attached to the decimal point, which 
is treated as if it were one of the places of the number. But if the 
decimal point were, as it ought to be, considered as part and parcel 
of the wnit’s place, so that 12-34, for instance, is not |1|2|-|3|4, 
but |1|2-|3]|4, then the two rules might be given under one, as 
follows. The characteristic of [the logarithm of] a number is the 
number of places by which the first significant figure is distant from 
the unit’s place ; and is positive when that first figure falls to the left, 
negative when to the right. Thus in 1234-567 or 123 (4-)567 it is 3 ; 
in 00029 or (0-)00029 it is 4.” 

I always use this and find it quite sufficient. Jf practice could be 
changed, the adoption of the dot under the unit figure, as 1234, would 
incidentally (1) get rid of the possible confusion of the decimal 
point with the point meaning multiplication (as 12 -34=123% or 
=12 x 34), (2) also get rid of the variant forms 12-34 (British), 
12.34 (American), 12,34 (Continental). The dot under the unit’s 
figure should offer no difficulty to a well-equipped printer: but 
in tables involving decimals without integers it would apparently 
necessitate either a special convention or the printing of a super- 
fluous 0, e.g. 2-'=05. The dot under, in conjunction with the 
established dot over for recurring decimals, might lead to confusion 
with successive lines of figures closely printed. Alternatives, all 
easily written and printed, would be (1) a vertical mark over, as 
used in some old books for recurring decimals, as 1234 ; (2) a bold 
circumflex, as 1234; (3) an oblique mark under, as sometimes 
used in contracted multiplication and division to mark off figures, 
as 1234. But it is highly unlikely that the nearly universal 
decimal point can now be displaced, and in practice the use of 


De Morgan’s rule (quoted above) is sufficient and convenient. 
G. J. LipsToneg. 


1152. Integers expressible as the sum of two rational cubes. 

I should be grateful for information as to methods of searching 
for such expressions, and for duplications of them. H. E. Dudeney, 
in his Canterbury Puzzles, p. 174, says that if any number is ex- 
pressed as the sum or difference of two cubes “‘ we can, by formula, 
derive from it an infinite number of other cases alternately positive 
and negative’. Is this formula well known ? 

Denoting 2?+y* as (x, y) for brevity, I have found some frac- 
tional solutions by finding numbers for which x, y are integers ; 
thus N=(z, y), and, by consulting a table of factors, finding when 
N possesses a cubic factor, that is, N=k*°N’; then N’=(a/k, y/k). 

Here is one case when duplicate solutions are both integral : 
1729= (10, 9)=(12, 1), but in most other duplications one or both 
are fractional. 

19 can be expressed in the following three ways : 


(, $) > (, $) > (33, $8). 
91 in two ways: (4,3); ($4, 29). 
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But I see no way by which, given one such resolution, it would 
be possible to deduce the others. 

Among early numbers expressible as the sum of two fractional 
cubes, I have found : 


= (#3); 7=(,%); 12=(83, 39); 
13= (3%); 20=(37,4%); 26= (88, 38); 
37= A, 12)=48 -3*; 43= (, 3) ; 62= Cs, 5) ’ 
86= (42, §). 


91 can be expressed in two ways: (4,3) and (24, $#). And so 
can 182, as (73, 3) and (3+, 3), but these cubic splits are not 
obviously connected. 

It we treat the above as fundamental cases, we can derive others 
by using 2%, 3°, 4°, ... as multipliers. Thus 


48=2°x6, 56=2°x7, 96=2°x 12. 


But the interesting problem is how to find fundamental splits, and 
I see no way of determining whether any particular number can be 
so split. ALFRED LopGE. 


1153. Some applications of the conformal transformation Z =z + a*/z. 

By using the above transformation, we may, very simply, deter- 
mine the flow of a stream of liquid in two dimensions past a cylinder 
of circular, elliptic, or aerofoil section. 

Let the points A, B, P, in the z-plane, represent the numbers 
a, —4@, z, respectively, and the points A’, B’, P’, in the Z-plane, the 
corresponding numbers 2a, —2a, Z (a being real and positive). 
Then 

A'P’=| Z-2a |=| (z-a)?/z |= AP?/OP, 

B'P’=| Z+2a |=| (z+ a)?/z |= BP?/OP, 
and so A’P’+ B’P’=(AP?+ BP*)/OP=2a?/OP + 20P. 
If P describes a circle about O as centre, P’ will therefore describe 
an ellipse with A’, B’ as foci. If the first circle is of radius a, the 
ellipse degenerates into the line A’B’. 

Suppose that A’B’ is the section of a flat plate whose edges 
(infinite in length) are perpendicular to the Z-plane and which is 
placed in a stream flowing with velocity U in the direction A 'B’. 
It is obvious that, if there is no circulation about the plate, the 
complex potential is w= UZ. 

On applying the transformation, we have the result for flow past 
a circular cylinder whose cross-section is the circle | z |=a in the 
z-plane, viz., w= U (z+ a?/z). If the velocity at the point z be gm 
a direction making an angle 6 with the real axis, 


dw/dz= — ge~® = U (1 — a?/2?). 


At infinity in the z-plane we therefore have gq=U and 0=7z. To 
obtain the result when there is circulation k about the cylinder, we 
have to add to w the term (ik/27) log z. 
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If z be replaced by ze~* (which is equivalent to turning the axes 
through an angle 8), we have, ignoring an added constant, 


w= U (ze-® + a%eB/z) + (ik/2m) log z —.... se eeceeeeee (1) 
for the cylinder in a stream of which the general velocity is 
(—Ucos B, —U sin £). 


We can now transform the cylinder back into the flat plate and 
obtain the result for the flow past it when it is inclined to the 
stream. 

Solving the equation of transformation as a quadratic in z and 
selecting the root + gape is represented by a point outside the circle, 
viz., z=}3{Z+,/(Z*—4a)}, we have on substitution in (1) the 
complex potential for a stream moving with general velocity U, 
making an angle f with the plate about which there is a circulation k. 


Writing Z=2a cosh a, 
we have sae 
and w=2aU cosh («— iB) + (ika/27). 


Flow past an elliptic cylinder and an aerofoil may similarly be 
obtained by applying the transformation to the circles |z|=b and 
|z-c|=|a-—c |, c being complex. S. L. GREEN. 


1154. A correction. 

I have to thank Mr. F. J. Tongue, of Kingswood School, Bath, 
for pointing out an error in my article entitled “ Generalisation of 
Pliicker’s Theorem ”’ in the issue for December, 1934. 

In §5, second paragraph, for the last sentence substitute “ If X 
and Y are conjugate points with respect to S, 2 consists of the lines 
Qx,QY”. In §5, fifth paragraph, for the middle sentence sub- 
stitute “The 2’s of the two conics with respect to which X and 
Y are — points are the two pairs of lines Q,X, Q,Y and 
Q.X, Q N. M. Grpprns. 


1155. A proof that the arithmetic mean of any number of positive 
quantities is greater than their geometric mean. 


Let A,, be the Arithmetic mean of a,, do, ...a,, G,, the Geometric 
mean. 


For positive values of x write 


e 1 
fea inte {qn ayn. 

G,\n+i) 
Then i (@)=— {1- (=) [" 


Hence f‘(x)=0, and f(x) has a minimum value when «=G,,. 


Also S(G,)= . = {A n -@,}. 
n+l 
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Now assume A> Gs 
Then Anyi — Gri =f (Ans) 2f(Gn) > 9, 


and the theorem follows by induction from A, > G5. 

Moreover it is clear that equality is possible only when all the 
quantities are equal. 

If the use of the calculus in an algebraical theorem is objected to, 
we may proceed a little differently :-— 


1 nti { ae aa} 
_ i cts Rang —~ GQ nti +1_ Qi ntif- 
F(2) -F (Gn) = Fy — Gn} — Gat lat — Gi, 
Put x=y"1, G,=g"", 
1 
F(x) -f(Gn)= 75 Yu" +9" 9+... +9"}—9" fy-9} 


- 


m4+ynlo+...tg” 
fy"*+y""9 g -9"} 


=(9-9) 4 mee 





If y>g, both factors are positive; if y<g, both are negative. 
Hence f(x) > f(@,) as before. B. E. LAWRENCE. 


1156. Burrow’s or Carnan’s Diary. 


In 1929 I contributed to the Mathematical Gazette (XIV, p. 389) 
certain notes concerning T'he Lady’s and Gentleman’s Diary, or, Royal 
Almanack, edited by Reuben Burrow (1747-1792) and published by 
Thomas Carnan for the years 1776-1788. On re-examining two 
copies of certain years of the Diary in American University, Wash- 
ington, and also a copy recently purchased for Brown University, I 
have been led to certain conclusions which it may be well to put on 
record, since they give a somewhat different impression from what 
I had written before. I wrote previously, “ At least three supple- 
ments to the Diary were published : A Companion to the Ladies and 
Gentlemen’s Diary for the year 1779, A Companion to the Ladies Diary, 
for the year 1780, and A Companion to the Ladies Diary, for the year 
1781. The supplements may be seen in University College, London.” 
All of these “supplements” are also at American University, and 
the first two are at Brown University. I am now convinced that 
the only Companions published were those mentioned above and 
that they were not really supplements but integral parts of the 
Diary for each of the years in question. For each of these years the 
make-up of the Diary was practically that of 1780, which appears 
to be in perfect condition at American University, namely : title page 
of Diary, back blank, followed by 15 pages of almanacs, etc., each 
page printed on only one side of the leaf ; p. [16] has “‘ Finis” at the 
bottom. Opposite this page is a special title page [1] for the Com- 
panion tollowed by 31 other pages numbered 2-32, which contain 
all the mathematical work of any interest in the Diary for the year. 
The make-up of the Diary for 1781 is the same as this, but in the one 
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for 1779 the Companion part is paged [17]-48. Of this particular 
issue the copy at Brown University is more complete than either of 
those at American University. It has the general title page and 
pp. 14-16, all four printed on one side of the leaf only. 

In my previous notes I wrote, “There is a complete set of the 


Diary in American University’; this statement is not strictly 
accurate, since I have above pointed out some defects, which are not 
the only ones in this set. R. C. ARCHIBALD. 


1157. Conormal points on an ellipse. (See Note 1127). 

Is not the clumsy trigonometry associated with the change from 
one form of the condition to the other rather than with the condition 
2 sin(«+ B)=0 itself ? 

Comparison of a2x,y—b*y,~=c*xy with 

2 981 _ (7 og At B +B apg) 
+73 -=( cos —— +78 in = - cos (px+qyt+r) 
hie that 
y a+ B a—B. 


cosec —— sec — ; 
b . 2 


hence the condition for px + gy +r=0 to pass through (a cos y, b sin y) 
is 
a+fp... a+ B —B 0 


5) +sin y cosec 5) + sec —— 


whence 2 sin(a+8)=0. This process is only a slight simplification 
of C. Smith, Conics, art. 199. 
But if the condition is first written down in the form 


ij=@, 


prt gy +r sec - aaa 





cos y sec 





| sina cose sin 2« 
sinB cosf sin 2p 
siny cosy sin 2y 





the removal of the factor sin 4(B—-y) sin }(y—«) sin }(a—) has 
sometimes given trouble. See C. Smith, Conics, art. 139, where 
Professor Anglin is quoted. 
But multiplication by the unit determinant 
CO @- 2] 
S 1 0 
-1 00 


where C=cos «+ cos B+ cos y—cos(«+ B+), 
S=sin «+sin B+sin y+sin(a+ B+), 





gives 


| 2, cosa sing |=0, 
2, cospf sin | 
2, cosy siny 


te. 2,2,=0, where 2,=Z sin(a+f) and 2,=—Zsin(«— ). 
A. Rosson. 
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REVIEWS. 


Physical and Dynamical Meteorology. By Davin Brunt. Pp. xxii, 41]. 
25s. 1934. (Cambridge) 


SUPERLATIVE METEOROLOGY 


From the analytical point of view meteorology must rank with medicine 
as one of the most refractory of the natural sciences. As taught in our schools 
and universities it might perhaps be classed as physical geography, for its 
basis is a collection of observations of elements which lend themselves to 
geographical representation : pressure, temperature, rainfall, winds, perhaps 
humidity and sometimes ozone. The other aspect of the coordination of 
observations, in which time is the independent variable, can also, to some 
extent, be included in geography with the duration of daylight and some 
other astronomical features. 

The forecasting of weather, too, by means of charts on which synchronous 
observations at stations distributed over a very large area are set out, fur- 
nishes an attractive exercise in geography associated with what a physical 
laboratory has to tell us about the processes of formation of rain, snow, ete. 
But the expression of the relations between the various meteorological elements 
in the sequence of weather as a series of equations is a part of the subject 
which requires the application of dynamical and physical reasoning outside 
the range of school geography. 

Some years ago, in presenting the results of an endeavour to coordinate the 
ascertained facts available for the study of weather apart from their physical 
and dynamical encumbrances, I ventured to call that aspect of the subject 
comparative meteorology, on the biological analogy. It is comparative 
meteorology which accounts for the habit of reliance upon mean values, and 
so, following the grammarians’ practice, we should naturally regard the next 
degree of advance in the study of weather, the exposition of the physical and 
dynamical results which Professor Brunt has set out in this book, as entitled 
to the distinction of superlative meteorology, a distinction which may be 
useful in many ways. 

The general expression of the sequence of weather by a mathematical 
formula as efficient as the equation of the moon’s motion is, perhaps, a super- 
human task. A fair enunciation of the problem for a student would be to set 
before him the traces, for a day or a week, of a barograph, a thermograph, a 
hygrograph, an anemograph, a sunshine recorder or, better, an autographic 
record of the intensity of solar and terrestrial radiation, and ask him to adjust 
his general equations of the motion of a compressible fluid to give the sequence 
of the recorded results. He would, of course, want at least a specification of 
the environment of his fluid for which we could offer him corresponding records 
from other stations—the original committee in charge of the Meteorological 
Office provided seven for the study of the weather of the British Isles—with 
supplementary observations at fixed hours from what are called stations of the 
second order or from ships on the neighbouring seas and some occasional 
soundings of the upper air for pressure, temperature and humidity, and some 
observations of pilot balloons for winds in the free air. An effort made some 
years ago to use numerical process for the solution of the problem of the general 
equations was abandoned because the available environment was inadequate. 

Such problems, however difficult they may be, are of universal interest and 
importance ; but, so far as one can judge, British universities are disposed 
to think that if we meteorologists would only state our problems in intelligible 
terms, without bothering about the details, their physical and dynamical 
organisations would be able readily to supply the solutions. The situation 
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reminds me of an explanation once given by a Cambridge gyp in reply to a 
suggestion that his daughter might like to attend some extension lectures 
begun in Cambridge itself after long trial at various distances from that centre 
oflearning. He had consulted her brother who had had a good “ eddication ” ; 
he had passed the locals and he says to his sister, “‘ You don’t need to go to 
no lectures. If there’s anything you wants to know, I’ll learn you myself.” 

No doubt a meteorological student who is dependent for some, at least, of 
the material of his inquiry upon a library of documents of special character, 
may envy his physical and dynamical colleague who can make his own experi- 
ments within reach of his own writing table ; but in the end the progress of 
all the sciences is most favoured by the association of reasoning capacity with 
the methods as well as the results of observation. 

And if the complete general solution is beyond a student’s powers his effort 
must be the formulation of some part of what he wants to know in terms 
which permit of a mathematical solution and the use of his own or someone 
else’s data to give numerical expression to the relation. He can select from 
among the recorded changes some whieh can be physically and dynamically 
isolated and deal with them as separate problems. That is a reasonable 
description of the task which Professor Brunt has accomplished in the first 
sixteen out of the twenty chapters of his book, and according to our definition 
may fairly be called superlative meteorology. 

Comparative meteorology as representing “‘ the facts which call for explana- 
tion” with which I have recently littered some 400 pages, is disposed of in 
the twenty-seven pages of Brunt’s first chapter. There appears to be a regular 
understanding, or misunderstanding, among writers of meteorological text- 
books that if you exhibit a comparison between January and July any of the 
other corresponding comparisons may be what in the Latin lessons of days 
gone by used to be called “ understood ” and mean “ left out”. 

A doubtful advantage of that peculiar selection is that with 31 days for 
each month it exhibits comparison at its best. It avoids any suggestion of 
our mischievous habit of using traditional months as “‘ units of time ”’, a habit 
so astonishingly futile that I hardly like to mention it in a mathematical 
journal. If mathematics cannot help us to put our time measurements 
into proper order we are indeed in a terrible quandary. 

And, incidentally, the same chapter shows the meteorological importance 
of quite small matters by a diagram which contradicts an important state- 
ment of the text; and the small matters which have not received proper 
attention are perhaps some negative signs which are hardly visible. 

Chapter II in twenty pages sets out some statical and thermal relation- 
ships—the earth, geopotential, composition of the atmosphere, gas equations, 
vapour pressure and virtual temperature, altimetry, specific heat and potential 
temperature, lapse rate and vertical stability, dry and moist atmosphere, 
geodynamic units, autoconvection and the results of mixing samples of damp 
air. 

Sixty-three equations are necessary to express the results of this chapter, 
and here we may remark that more than 500 equations are enumerated in 
the fifteen chapters, II-XVI. It will be readily understood that though the 
mathematical form is straightforward and not transcendental, the book, like 
any other textbook for post-graduates, is best regarded as a work of refer- 
ence in which the reader can find the algebraical expression of the relations 
selected for the exposition of the services of mathematical reasoning. It is a 
weighty book that induces the reader to think, not one that can be read in 
an easy chair as exhibiting the subject in a form that saves the reader from the 
trouble of thinking. 

P 
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From Chapter IT onward to Chapter XVI we are fairly launched on super- 
lative meteorology its very self, beginning with Chapter III, the ascent of 
damp air, the saturated adiabatic lapse rate, and running from the statement 
of the general problem, by the different stages, unsaturated, saturated, rain 
or hail and snow, over the Hertz diagram to the stability of saturated air. 

In passing we may perhaps ask what is saturated and what is adiabatic 
about the lapse rate ? and indeed the chapter suggests another appeal to the 
eustomary rigour of the mathematician—What is the real meaning of stability 
in a mass of compressible fluid ? Sometimes I have to understand it merely 
as a state of equilibrium ; but according to my mathematical tradition it 
should mean that movable things would “ stay put”. The whole question 
of our terminology wants thinking about. A really effective and self-ex- 
planatory terminology is an unspeakable help to the reader, whereas a term 
that carries no hint of its own meaning may be a source of legitimate pride 
for the author, but is apt to excite some other emotion in a temperamental 
reader. I should like to ask the mathematical reader what he would under- 
stand by equivalent potential temperature or, indeed, by potential tempera- 
ture anyway, without any inherent specification of the limiting condition. 

We can hardly pursue the superlative in detail throughout its fourteen 
chapters. Thermodynamics in Chapter IV leads up to entropy-temperature 
diagrams, the Clausius-Clapeyron equation for vapour pressure and the special 
function of the temperature of the wet bulb. Chapters V to VII deal with 
the very complicated questions of radiation and the variation with wave- 
length of its emission and absorption by the atmosphere with special applica- 
tion to the troposphere and to the stratosphere as an example of radiative 
equilibrium. The general equations of motion of air on a rotating earth 
leading up to vorticity on the one side and the gradient wind on the other 
occupy Chapters VIII and IX, with surfaces of discontinuity and the effect of 
horizontal gradients as a natural supplement in X and XI, and in Chapter XII 
we begin an important section on turbulence, continued in XIII, with eddies 
as its manifestation taking up some sixty pages and including some very 
special cases of motion. 

Chapter XIV classifies winds and goes on to XV for the transformation of 
energy in the atmosphere which includes the author’s computation that if the 
earth were left to itself the energy of atmospheric motion would be reduced 
to one per cent. of its initial value in six days, an historic period for the earth. 

In XVI we find the discussion of revolving fluid in the atmosphere, and in 
XVII we leave the algebraical representation of the features of atmospheric 
processes and starting with the idea of air-masses proceed in XVIII to the 
representation of the polar front with the world-famous diagram by J. Bjerknes 
of the typical polar-front-depression, leading on to occlusions and the other 
features of the Norwegian School with typical examples and a number of 
interesting points raised by the author in cooperation with C. K. M. Douglas, 
with contributions by Kaye, Durst and Giblett. 

Chapter XIX deals with anticyclones and subsidence of air, and Chapter XX 
with the general circulation of the atmosphere. For that important section 
we find ourselves back at comparative meteorology in so far as inferences 
drawn from mean values and geographical distribution form the basis 
of descriptions of the winds in various latitudes and at various levels from the 
surface, by steps of two kilometres, to the region of the stratosphere. The 
descriptions are not easy to carry in one’s mind, and we should readily agree 
that for comparative meteorology pictures may be more effective than words, 
and the resources of the pictorial are by no means exhausted. Before the end 
we are back again in the superlative with some theoretical aspects of the 
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general circulation derived from Exner, Jeffreys, Whipple, Douglas, Georgii 
and Sverdrup. 

In such cases it is not always easy for the reader to make sure whether the 
unknown quantities really get one another in the end, as the American lady 
said about some of Sir G. Greenhill’s work on elliptic integrals. Some of 
them may distinctly feel themselves “‘ neglected’, and it is evident that the 
meteorologists’ statement of the case for analysis may have left something 
to be desired. For superlative meteorology we ought to be superlatively 
precise with our language. Somewhere in the book there is quoted an opinion 
that the condition of the atmosphere differs “‘ widely’ from barotropy, and 
one wonders whether often or perhaps readily would not be a more appropriate 
adverb than “ widely ” with its double implication. 


Like other sciences superlative meteorology invites research ; so we read :— 


“Further progress must depend largely on the introduction of new ideas 
as well as on the application of results derived in such fields as radiation and 
turbulence to the discussion of the general circulations and the local circula- 
tions. That meteorology to-day offers a plentiful supply of problems for 
research is very clearly shown in a series of papers on Problems of Modern 
Meteorology published in the Quarterly Journal of the Royal Meteorological 
Society during the years 1930-34.” 


Napier SHAW. 


New Pathways in Science. By Sr ArTHUR Epprneaton. Pp. x, 333. 10s. 6d. 
1935. (Cambridge) 

One almost suspects Sir Arthur of writing this book backwards !' Else how 
does it happen times without number that at the end of a series of abstract 
arguments some familiar figure of speech lies ready to hand to express to a 
nicety the conclusion to which they lead. But scientific reasoning cannot so 
easily be made the slave of language. So one is tempted to try the alter- 
native hypothesis that the English idiom has been specially predestined for 
the use to which Sir Arthur puts it ; only that would probably not quite fit 
in with his ideas about indeterminacy! At all events this new book leaves 
one utterly amazed at his command of language in non-technical exposition. 
From beginning to end it is a sheer joy to read. 

The book comprises the Messenger Lectures for 1934, together with two 
additional chapters. The author explains in his preface that he takes as a 
nucleus material contained in lectures and addresses delivered by him since 
1929. Among those drawn upon are his Presidential Addresses to the Mathe- 
matical Association. 

It is no mere directory of the new pathways in science. Rather is it an 
actual tour, with Sir Arthur himself as personal guide, and perhaps we may 
add, as philosopher and friend as well. Since our last extended expedition 
with him six years ago in The Nature of the Physical World he has been busy 
exploring fresh domains, and we are now invited to come and see what he 
has discovered, and are not asked to tread again the paths over which he 
has previously taken us. 

In the first two chapters we are prepared for our journey by being told what 
the scientific domain is, and being taught to recognise some of its denizens. 
Then our very first outing takes us to the “ End of the World”! (Chapter III). 
We are shown several cosmical aspects of the second law of thermodynamics, 
and finally a glimpse of the end, or one suggested end, of all things material, 
when they all have dissolved into radiation which becomes more and more 
rarefied as the universe goes on expanding for ever. Then, being in the mood 
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for catastrophe, we are taken on to view the ruins of Determinism (Chapters 
IV, V). The devastation has been wrought by the inroads of the quantum 
theory, and it seems as though the edifice of deterministic science will never 
be rebuilt. Or it might be more true to say that the deterministic foundations 
of science have given way, but most of the classical superstructure has been 
securely shored up while the foundations are being renewed. Not all quantum 
physicists, however, would be willing to accept Eddington’s heuristic argu- 
ments, based on the principle of indeterminacy, concerning, for example, 
angular momentum or location in closed space. 

Sir Arthur is a guide who caters for many tastes, including the mathe- 
matician’s. Nevertheless it is not just in order to pander to him that he 
takes us for excursions into Probability Theory (Chapter VI) and Group 
Theory (Chapter XII), but because these two branches of mathematics are 
coming to play such a fundamental part in the formulation of theoretical 
physics. In fact, Eddington considers that the latter, “ more nearly than any 
other part of the book, touches the key-note of scientific philosophy ”. This 
is because, in his view, what physics finds in any object of its study is the 
structure of a set of operations; it is not interested in the “nature ” of 
the operations. 

Next we are taken for a very extensive trip in astrophysics (Chapters VII-X). 
We are shown the inmost depths of stars and the various possible sources of 
sub-atomic energy which may keep them alight. We are shown how it has 
proved possible to explore the incredibly tenuous interstellar cloud of matter, 
a cloud so tenuous that a portion “as large as the earth could . . . be packed 
in a suitcase and easily carried with one hand”. We are shown also exciting 
vistas of the Expanding Universe. So we come to the conclusion that, if in 
terrestrial domains we have our Rhodesias and Livingstonias, then surely vast 
stretches of the extra-terrestrial domains must ultimately become known as 
Eddingtonia, for few cosmological explorers can have opened up more ex- 
tensive tracts to the occupation of the human mind than has Sir Arthur. 
Further, it is characteristic of him that he contrives to take us also with him 
to the outmost regions yet explored. Thus in our survey of the cosmic cloud 
we are taken to the point where further progress was till the end of 1934 
blocked by difficulties connected with the relative strengths of the sodium 
and calcium spectral lines. Actually just at the end of the year Eddington 
himself showed how these difficulties could be surmounted. 

Our last journey takes us by routes along which, Sir Arthur admits, most 
other guides would not care to follow ( Chapter XI, “‘ The Constants of Nature ”). 
Here and there we seem constrained to take a leap in the dark, but he takes 
care that we land safely on our feet. He finally brings us to a place that looks 
very like the goal of all pathways in physical science. It is the stage where 
the fundamental numerical constants of nature, such as the ratio of the mass 
of the electron and proton, are derivable from pure theory. From this place 
there would be a theoretical airway to any result in physical science, so that 
to reach it we need no longer take the laborious footway of experiment. We 
should have attained the state described by Sir Arthur, in another connection, 
when we do not “ put overmuch confidence in the observational results that 
are put forward wntil they have been confirmed by theory”! If he is right, we 
have almost climbed the scientific Everest which has presented an agelong 
challenge to the skill of the physical and philosophical mountaineer. But yet 
we wonder, when the mists through which we have climbed have cleared away 
shall we find we actually are at the summit, or will the real peak still flaunt 
its challenge from afar ? 

However these things may be, we can afford to rest awhile with our guide 
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as he discusses, in his last two chapters, on the one hand the past difticulties, 
and on the other hand new excursions into the borderland of physical and 
spiritual realities. W. H. McCrea. 


Vorlesungen iiber projektive Geometrie mit besonderer Beriicksichtigung der 
v. Staudtschen Imaginartheorie. By C.Juny. Pp. xi, 287. RM.21; geb. 
Rm. 22.50. 1934. Grundlehren der mathematischen Wissenschaften, 42. 
(Springer, Berlin) 

Professor Juel has in this book provided a worthy successor to the classical 
treatise of Reye, which supplies just those deficiencies which in Reye’s ex- 
position were most remarkable. Many readers must have felt that if all that 
projective geometry could tell us of a problem involving a cubic equation was 
that it has at least one solution, and not more than three, then projective 
geometry had not by any means justified its claims to replace the ordinary 
algebraic kind. 

This reproach Professor Juel has set himself (with no less industry than 
ingenuity) to remove. The method, of course, is implicit in the previous works 
—it is von Staudt’s theory of imaginary elements. About the strict axiomatic 
foundations of the real projective geometry with which he begins, he is content 
to be brief, and to refer the reader to the German version of Enriques’ Leziont 
sulla geometria proiettiva. In essence, however, he allows himself purely pro- 
jective axioms and an axiom of continuity, which, as is familiar, will suffice 
to build up what is from the algebraic point of view the coordinate geometry 
in the field of the real numbers and infinity. The extension of this to the 
complex number field is not essentially different from that of von Staudt ; 
the elementary forms (row of points, plane pencil of lines, pencil of planes, 
conic locus, conic envelope, and quadratic regulus) are defined ; also the linear 
congruence, as an aggregate of lines related in a certain way to an involution 
in a regulus, the relation being such that if the involution is hyperbolic the 
congruence consists just of all lines which meet both the double lines. Im- 
aginary points, lines of the first kind, and planes are then defined as elliptic 
involutions in elementary forms combined with orientations, and lines of the 
second kind as elliptic linear congruences combined with orientations ; the 
device used by some writers to avoid the somewhat artificial introduction of 
orientations, of using a cubic instead of a quadratic involution, is disregarded. 

So far all is familiar, and the reader is inclined to wonder if there are not 
enough books about this sort of thing. But now mapping an imaginary line 
of the second kind on the congruence of real lines which defines it, the author 
proceeds to prove a mass of theorems about chains, points conjugate with 
respect to a chain, projectivities and “‘ symmetralities ” (i.e. anti-projectivities) 
in the form, of the kind which one could also prove by introducing a complex 
coordinate and mapping it on a sphere. 

He now returns to the classical matter and introduces coordinates by the 
algebra of “ Wiirfe ’, explaining the meaning in algebraic terms of what he 
has done geometrically. But his objective clearly is to justify all the alge- 
braically obvious results by purely geometrical reasoning ; and though in the 
remainder of the work he continually uses algebraic terms and ideas, I think 
it is fair to say that all these could be omitted (at the cost of brevity and 
intelligibility) and the arguments would still stand. 

The rest of the book follows the general lines of some portions of Reye— 
by no means the whole, since hardly any solid geometry is attempted—with 
due regard to the refinements introduced by the use of imaginary elements. 
The main topics covered are problems leading to cubic and quartic equations 
in one variable, reduced to finding the intersections of two conics, of which 
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in the first case one intersection is known; the two-dimensional chain, and 
its relations; anticollineations; the projective metric, euclidean and non. 
euclidean ; the quadratic transformation, the rational plane cubic, and the 
general plane cubic. 

In all these topics the straightforward results are obtained, that a problem 
has in any case so many solutions, real or imaginary ; he is much more casual 
in interpreting the other qualification, “ distinct or coincident’. I cannot 
find anywhere in the book a clear definition of what is meant by saying that 
two solutions of a problem coincide ; doubtless, having given his assumptions 
as to continuity, the cases in which there are coincidences could be obtained 
as limits of proper cases; but this is not done at all explicitly, though it is 
perhaps implied. This question is certainly the next that will have to be 
tackled before the projective approach can claim an equal strength with the 
algebraic approach to such problems. Those who are engaged in making 
rigorous the foundations of algebraic geometry as such, notably van der 
Waerden, have found it necessary to devote enormous attention to the 
definition of the multiplicity of an intersection ; and those who attempt the 
same on the projective side will need to obtain greater clarity on this same 
point than they yet have if they hope to obtain a rigorous projective treat- 
ment of the properties of algebraic loci. 

This problem doubtless involves the more fundamental one of defining in 
purely projective terms an algebraic locus in general ; it is possible that this 
might be done by giving a geometrical definition of an “ algebraic” con- 
struction, and hence of the type of condition which is satisfied by the points 
of an algebraic locus ; but I am not aware that this has been done, and it is 
certainly not done here, nor is any such problem attempted by Professor Juel. 
It may be held that this criticism is irrelevant, since the scope of the work 
in question does not profess to include such matters; but the fact is, that 
unless the purely projective approach to geometry can offer itself as a com- 
plete logical substitute for the algebraic, it must appear only a barbarously 
long-winded restatement of a lot of algebraic theorems. Professor Juel’s work 
is of value, because it gives hope of progress in this direction, though (when 
considered carefully) it does not seem to go very far in principle beyond those 
of von Staudt and Reye, but rather to make clear how much more fully those 
principles can be applied than would be supposed from a perusal of the earlier 
works. Patrick Du VAL. 


Algebraic Surfaces. By O. Zariski. Pp. v, 195. RM. 22.75. 19365. 
Ergebnisse der Mathematik, Band III, Heft 5. (Springer) 

To try to reproduce all that has been written on the subject of algebraic 
surfaces in an ordered scheme is a well-nigh impossible task, and with a limit 
of two hundred pages Dr. Zariski very wisely refrains from the attempt. 
Nevertheless what he has achieved within this limit is astounding. What 
he has apparently done is to prepare a schedule of the various problems and 
theories concerning algebraic surfaces which he regards as essential to any one 
professing to be an algebraic geometer and to expound them as briefly and 
directly as possible. A task of this magnitude requires almost unlimited 
knowledge, patience and sheer hard work, but we think that it can be safely 
said that no one is more fitted for it than Dr. Zariski. Trained at Rome, the 
fountain-head from which the theory originally comes, he has for some years 
now been in close touch with the school which employs the topological methods 
of Lefschetz, and he has himself made many important’ contributions both to 
the algebro-geometric theory of the Italian geometers and to the topological 
theory of surfaces; and we can say without hesitation that he has done 
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himself full justice in this monograph. It is true, of course, that some re- 
searchers will feel that their particular brand of algebraic geometry has 
received rather scant treatment, but the mere fact that the author has been 
able to marshal so much of the chaotic literature in an ordered array in the 
space at his disposal is an achievement of which he may justly be proud. 

A prime difficulty with which all workers in the theory of algebraic surfaces 
are faced is due to the pace at which the subject was developed in the first 
decade of this century. With mathematicians of the calibre of Castelnuovo, 
Enriques, Severi, Picard, Humbert continually producing new theorems, it is 
no wonder that the paths by which the fundamental results were obtained 
crossed and re-crossed, until the more humble mathematician is faced with 
such a complexity of results that he can only find his way with the utmost 
difficulty. The writer well remembers having spent many hours tracing back 
the various proofs of one of the great theorems in the subject, only to find 
time after time that at one point of the chain of reasoning the proof rested on 
the insecure basis of Enriques’ theorem on the completeness of the character- 
istic series of a continuous system. But much research was necessary to trace 
whether this theorem was involved. Such a state of affairs, of course, makes 
itextremely easy to begin arguing in a circle, and the need for a work in which 
a direct and logical exposition of the main body of the subject is expounded 
has been great. 

This is the task which Dr. Zariski has set himself, and which he has brilliantly 
carried out, having regard to the space he has been allowed. Let us see how 
he sets about it. We can summarise his contents very briefly as follows. The 
first chapter deals with certain necessary preliminaries, and then proceeds to 
the transformation of surfaces to surfaces without singularities or with only 
ordinary multiple curves. Then, making use of the results of this chapter, he 
builds up carefully the algebro-geometric theory of surfaces, including the 
Riemann-Roch theorem, continuous systems of curves, and the theory of the 
base, in the next four chapters. Then comes a chapter on the topological 
properties of a surface, followed by one on the integrals associated with a 
surface. Chapter VIII, on the branch curves of multiple planes and continuous 
systems of algebraic curves, deals with less general questions but serves to 
illustrate much that is in previous chapters. This is a branch of the subject 
to which Dr. Zariski has himself made many valuable contributions. Finally, 
two appendices give an account of two subjects of current research—series of 
equivalence and correspondences between surfaces. While it is true that many 
will feel that some account should have been given of such branches of the 
subject as the study of the effects of various multiple points on the invariants 
of a surface, the classification of surfaces by invariants and the construction of 
projective models representing important types of surface, and the theory of real 
surfaces, we think it can be said that in the first seven chapters of this book 
Dr. Zariski has developed that part of the theory which is indispensable to all 
who would claim to know the theory of algebraic surfaces, and that he has 
arranged and presented it in a manner which makes it possible for a reader 
to acquire this knowledge without having to grope through masses of original 
papers which often merely broaden but do not advance the theory. It does 
not make reference to original memoirs unnecessary, but it enables the student 
to select his needs more easily. 

Having made his selection of topics to be discussed, Dr. Zariski has still 
the difficult task of presenting it within the space at his disposal. He rejects 
the two easy ways, the first being to dwell on simple cases and content himself 
with saying that the results can be established with complete generality, and 
the second being the method adopted in the articles by Castelnuovo and 
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Enriques in the German Encyclopaedia and by Severi in Pascal’s Repertorium 
which merely report the results which have been obtained and leave the 
selection and criticism to the reader. Instead he has devised an ordered course 
which gives what is in his opinion (and in ours) the best way of arriving at the 
fundamental results in a direct and logical manner. The steps are described in 
considerable detail, the difficulties are exposed, and, wherever it is possible, 
abbreviated proofs are given which can be supplemented by references to 
papers dealing with the precise points under consideration. Proofs, too, are 
criticised and Dr. Zariski points out several matters on which the reader would 
do well to ponder. Of course, in a work of this nature, there will probably 
be many points of detail which individuals would have different. For in- 
stance, some will feel that the theorem that a surface which possesses a pencil 
of rational curves can be transformed into a ruled surface, the proof of which 
requires some delicate reasoning, should not merely be quoted. Such criti- 
cisms, however, cannot be avoided, and it is difficult to see how Dr. Zariski’s 
account of the theory of surfaces could be improved without an enormous 
increase in length. 

On reading the book, one is tempted to review the subject of algebraic 
surfaces as it stands at present. One realises that there are still many points 
which require further light thrown on them. It is surely remarkable that in 
dealing with the theorem that a surface can be transformed into one which is 
without singularities, a result which is essential to Dr. Zariski’s development 
of the subject, there is not one proof which he feels can be accepted without 
further elucidation on certain points, though it is true that in a footnote he 
announces a new proof by Dr. R. J. Walker which he believes establishes the 
result rigorously ; but in view of the extreme difficulty inherent to the 
problem most readers will want to see this proof and judge it for themselves. 
To take another point which requires more investigation, the theorem that a 
complete continuous system of curves has complete characteristic series is 
only proved by taking the wider definition of a continuous system as a system 
which is irreducible as a system of linear systems and using transcendental 
methods. Surely one ought to be able to obtain the results by purely geo- 
metric methods. And we are still left with the question of whether the 
theorem is true for any complete system which is irreducible as a system of 
curves. These are just a few of the questions which arise, and it can be seen 
that there is still plenty scope for researches of this kind. At the same time, 
however, the gaps which are to be filled up are at isolated points, and Dr. 
Zariski’s book shows that the main theory is approaching completion. Hence 
the tendency of recent researchers to break fresh ground in their studies of 
algebraic surfaces is to be encouraged, provided that they do not forget that 
the general theory still requires a certain amount of attention. W. V. D. H. 


Gruppen von linearen Transformationen. By B. L. van DER WAERDEN. 
Pp. 91. RM. 8.80. 1935. Ergebnisse der Mathematik, Band IV, Heft 2. 
(Springer) 

Groups of linear transformations play a large and increasingly important 
part in many branches of modern mathematics. On the one hand, the theory 
of representations, in algebra, is intimately connected with the problem of 
representing an arbitrary group as a group of matrices, 7.e. as a group of linear 
transformations of some vector-space, and this representation theory is, a8 
Wey] and others have shown, a matter of importance in mathematical physics. 
On the other hand, a large part of geometry is concerned, directly or indirectly, 
with the study of the invariants of some group of linear transformations. 
The volume before us contrives in the space of some ninety pages to give 
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an account of the fundamental properties of these groups and of their repre- 
sentations, with outlines of the proofs of most of the significant results. It is 
divided into two chapters of approximately equal length. The first, “‘ Lineare 
Gruppen in beliebigen K6rpern ”, gives an account of the group of all linear 
transformations of an n-dimensional vector-space with coefficients taken from 
a field K, and of the more important subgroups of this group. The ideas 
belong to the same order as those in Dickson’s well-known book on Linear 
Groups, but are more general since the field K is not restricted to be finite. 
The projective, orthogonal and unitary subgroups are studied, the orthogonal 
ones at some length, an account being given of the isomorphisms between the 
orthogonal groups in three, four, five and six dimensions and other linear 
groups. The results here have important implications in geometry. Allusion 
is also made to finite linear groups and discrete groups of motions. 

The second chapter, ‘“‘ Darstellungen von Ringen und Gruppen ”’, deals with 
the theory of representations of groups. It is written from the point of view 
of an algebraist, and the terminology of modern algebra is used throughout. 
Here we find a summary of the theory of representations of finite groups, as 
developed by Frobenius and Schur, followed by an exposition of von Neumann’s 
recent extension of the theory to bounded representations of arbitrary groups. 
The principal properties of group-characters are obtained. Subsequent sections 
deal with the representations of subgroups and with representations which 
are irreducible in a field K but reducible in some extension of K. The last 
part of the book deals with representations of certain special groups (the 
symmetric and alternating groups), with so-called projective representations, 
and with rational representations of the general linear group. 

The book is made valuable as a work of reference by the inclusion of a large 
number of references to original papers; as a systematic exposition of the 
subject it makes rather difficult reading owing to its extreme conciseness. 
One or two of the references are inaccurate: for example, the paper referred to 
in footnote 110 on page 35 is in vol. 36 of the American Journal of Mathematics, 
and not in the J'ransactions of the American Mathematical Society as stated. 

We believe that no one interested in group-theory can afford to neglect 
this book, which should hold its place as a standard work of reference for a 
considerable time. Professor van der Waerden is to be congratulated on 
having compressed so much important material into so small a compass, and 
we await with interest the promised work in the same series on the general 
theory of groups in which he is collaborating with Professor Levi. J. A. T. 


Algebren. By M. Drevrine. Pp. v, 143. RM. 16.60. 1935. Ergebnisse 
der Mathematik, Band IV, Heft 1. (Springer) 


In this book Dr. Deuring gives a concise but adequate account of the theory 
of non-commutative algebra. In general outline he follows L. E. Dickson’s 
Algebras and their arithmetics which appeared in 1927, but a comparison of the 
two works shows the enormous extent to which the subject has been developed 
since that date. Some idea of its present importance may be gained by turning 
to the bibliography at the end of the book which contains a list of nearly two 
hundred publications, and to which still more might be added. 

The book is of general interest to all mathematicians, but it is of special 
interest to those familiar with the theory of numbers, giving as it does the 
algebraic basis of some of the most important theorems of arithmetic such as_. 
Fermat’s theorem, the theorem of quadratic reciprocity, and the fundamental 
theorem of the principal genus. It is to be recommended also to those whose 
interest lies in the teaching of mathematics, as it implies the fundamental 
> gee of such simple concepts as class, congruence, group and represen- 

on. 
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As regards the presentation of the subject each theorem is clearly stated, 
full references being given where a proof is omitted or where further informa- 
tion would be useful. The printing of the book leaves little to be desired, 

The following is a resumé of the contents of each chapter : 

Chapter I (7 pages). Statement of the fundamental definitions and definition 
of the rank equation. 

Chapter II (15 pages). The distinction between the different types of 
algebras. The proofs of Wedderburn’s theorems on structure. The pro- 
perties of algebras having nilpotent elements. 

Chapter III (8 pages). A very short account of the theory of the irreducible 
representations of an algebra by systems of matrices which resembles the 
corresponding theory of the representations of groups. Definition of the 
characters of the irreducible representations and also of the discriminant of a 
basis of an algebra. This chapter may be supplemented by van der Waerden’s 
Gruppen von linearen Transformationen of the same series. 

Chapter IV (26 pages). The discussion from a new standpoint of the 
structure of simple algebras, in which the author makes contact with his 
theory of equations. The chapter includes a proof of Wedderburn’s theorem 
that a simple normal algebra is the direct product of a division algebra and a 
simple matrix algebra. The important idea of a class of algebras is introduced, 
and it is proved that the classes of simple normal algebras over a field form a 
group. The chapter concludes with some properties of the rank polynomial 
of a simple normal algebra over the rational numbers and shows finally that 
the corresponding Galois group is the symmetric group. 

Chapter V (15 pages). An account of factor systems, Brauer groups, 
extensions of the field over which the algebra is taken, and the theory of cyclic 
algebras which has been so extensively studied in recent years. 

Chapter VI (40 pages). Definition of integers (differing from those of 
Dickson), of orders, and of right- and left-handed ideals, leading up to the 
theory of the arithmetic of an algebra. Discussion of classes of ideals, of the 
class number, and, finally, of the p-adic extension of an algebra and of 
the analogue of a primary ideal. 

Chapter VII (29 pages). Definition of a p-adic invariant of a class of algebras 


; . /m\ ’ . ; He 
resembling the quadratic character J of ordinary arithmetic which is 
D/ 


invariant for a class of quadratic forms. Proof of Artin’s very general form of 
the reciprocity theorem and also of Noether’s remarkable extension of the 
principal genus theorem of Gauss. Discussion of some properties of the Zeta 
function of an algebra, and quaternion algebras. Brief reference to the 
algebra of a function field. A. R. R. 


Automorphismen von Erweiterungsgruppen. By R. Barr. Pp. 22. 7 fr. 
1935. Actualités scientifiques et industrielles, 205 ; exposés mathématiques, 
X. (Hermann, Paris) 

This well-printed tract is written in Dr. Baer’s usual clear and concise style. 
Itisessentially a pamphlet for the specialist, supplementing the author's 
article in the Math. Zeit., Bd. 38 (1934). Dr. Baer deals with certain sets of 
automorphisms of a group closely connected with the representations of a 
group introduced by Speiser and Schur. For these representations a theorem 
holds which may be regarded as the analogue in the group theory of the 
principal genus theorem of ordinary arithmetic, and which has been general- 
ized by Noether for hypercomplex number systems. He shows that this 
analogous theorem does not hold, in general, for the representations, given by 
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the sets of automorphisms, of a group in another group. The latter part of 
the work is devoted: to the special cases of the representations of a commuta- 
tive group in commutative groups. A. R. R. 


Uber die Darstellung von Gruppen in Galoisschen Feldern. By R. BRAUER. 
Pp. 15. 6 fr. 1935. Actualités scientifiques et industrielles, 195; exposés 
mathématiques, VII. (Hermann, Paris) 


Sur les classes d’idéaux dans les corps quadratiques. By S. Iyanaaa. 
Pp. 13. 5 fr. 1935. Actualités scientifiques et industrielles, 197; exposés 
mathématiques, VIII. (Hermann, Paris) 

Both these booklets deal with specialised topics in their respective fields. 
It is more usual, and more appropriate, for such matters to be treated in 
papers in the mathematical journals than as separate publications. 


W. E. H. B. 


Méthodes Topologiques dans les problémes variationnels. I. Espaces a 
un nombre fini de dimensions. By L. Lusternik and L. SCHNIRELMANN. 
Pp. 51. 15 fr. 1934. Actualités scientifiques et industrielles, 188 ; exposés 
sur l’analyse mathématique et ses applications, III. (Hermann, Paris) 

This book, translated from the Russian by J. Kravtchenko, is a valuable 
contribution to the theory of the critical points of a function on a Riemannian 
space. The methods are original and extremely interesting and the style is 
pleasing. 

The methods and results are based on two conceptions. A topological class 
of closed sets in a compact space Ff is defined as the totality of sets obtained 
from a given closed set by deformation. A continuous function f, defined over 
a compact Riemannian space #, has a maximum on any closed set A. The 
greatest lower bound of this maximum as A varies through all the sets of a 
topological class is called the essential value corresponding to this class. Sub- 
ject to the differentiability of f and to the existence of a certain limiting set 
(which may well exist provided only that R is compact) it is shown that this 
minimax occurs at a critical point. 

The second idea is purely topological. A closed set in R is said to be of the 
kth category if it is covered by k, but not by a smaller number of closed sets, 
each of which is deformable into a point on R. In particular, the category of 
R itself is a topological invariant. Lebesgue’s well-known theorem on the 
covering of a closed set by closed sets leads to the theorem that the dimen- 
sionality of a set of the kth category is at least k-1. One may also refer to 
the category of a set K, relative to a set L, containing K, meaning that defor- 
mations are restricted to lie on L. 

What is, perhaps, the main theorem follows from these two ideas, and a 
few simple preliminaries, in a crisp argument which takes up less than a page 
of print. Let the category of R be at least k and let [A;] be the topological 
class of all sets whose categories are at least i (1<i<k), c,; being the corre- 
sponding essential value. If c;=c;=c(j> 7%) and if the limiting set referred to 
above exists, the theorem states that f=c contains a critical set whose category 
is at least j7-i+1. Therefore its dimensionality is at least j-i. An obvious 
corollary is that f has at least k critical points. 

This theorem is typical of the results to be expected from these methods, 
namely results of the form “ this number, associated with the critical points 
of f, is not less than that number, associated with the categories of one or 
more sets in R”’. I do not imagine that any one expects the problem of calcu- 
lating the category of a given set in a given manifold to be solved in the near 
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future. So the power of these methods is governed by the lower bound that 
one can assign to the category, regarded as a function of closed sets in a given 
manifold. A large part of the volume is directed towards this end. For 
example, it is shown on p. 40 that the category of a manifold M exceeds r if 
M has a sequence of “ divisors” M,,..., M,. This includes the case where M 
is the product of r manifolds. Also certain general theorems are proved which 
seem to bring the problem of assigning a useful lower bound to the category 
within the range of our present methods. For example, it is shown that the 
category is not less than the combinatorial category, a function defined by 
substituting homologies for deformations in the definition of the category. 

J. H. C. W. 


The Calculus of Variations in the large. By Marston Morse. Pp. ix, 368, 
$4.00. 1934. American Math. Soc. Colloquium publications, 18. (American 
Mathematical Society, New York) 


An interesting class of mathematical problems consists of problems involving 
relations between local and macroscopic properties. A simple example of such 
a problem is to determine the behaviour of an analytic function on the circle 
of convergence when the coefficients of the power series are given. In geo- 
metry and functional analysis Poincaré was a pioneer in this field, and he has 
been followed by Marston Morse in a series of researches on which this book 
depends. Much of Morse’s work is based upon his theory of critical points, 
described in Chapter VI. This theory was suggested by Birkhoff’s “ minimax” 
principle which, in its simplest form, is this: If a beetle crawls out of one hole 
and into another in such a way that the maximum height achieved during the 
voyage is a minimum, this “ minimax ”’ occurs at a saddle point. 

The first four chapters (pp. 1-106) of the book and the last four (pp. 142-358) 
are different in character, the fifth chapter providing a link between the first 
three and the last four. The first four chapters describe a finished product, 
though much of the material is due to the author himself and has appeared 
for the first time during the last ten years. The quality of “ finish ” lies in 
the choice of material, the lucidity of the exposition and in the distribution of 
emphasis. The last four chapters describe a branch of mathematics in the 
making and are remarkable for the sensational interest of the results. The 
problems undertaken and solved are unusually difficult, and, though one 
conception leads naturally to another, there are special difficulties attached to 
problems belonging to each of the three main types ; namely problems arising 
in the study of critical points, the boundary value problem, and in the study 
of closed extremals. One can only guess vaguely how far the methods will be 
improved and the arguments simplified during the next few years. 

The first chapter describes the variational problem in non-parametric form 
for fixed end points, one independent and n dependent variables. It gives a 
concise account of the nucleus of the classical theory. In the second chapter 
the end points are allowed to vary and the first and second variations are 
discussed in such a way as to exhibit the analogies with the theory of quadratic 
forms. As a basis for comparison theorems, a variable \ is made to play a part 
analogous to that of the A in the equations 


Aj5%; = Ax;. 

In the third chapter the “ Index form ” is introduced, this being the title 
of the chapter. The index form is a quadratic form whose index (the number 
of negative characteristic values) is shown to be the number of conjugate points 
on a given extremal, a conjugate point of the kth “ order” being counted k 
times. Other interesting theorems are proved relative to the index form and 
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the number of conjugate, or focal, points on an extremal. The chapter con- 
cludes with a discussion of periodic extremals. 

The fourth chapter is independent of the following ones, though it follows 
naturally after the first three. It opens with a definition of self-adjoint linear 
differential equations of the second order and the theorem that such a system 
of equations can be derived from a variational principle. An algebraic section 
follows in which self-adjoint boundary conditions are defined. These are 
preliminary to the main business of the chapter, which is to describe one- 
parameter families of self-adjoint systems, subject to boundary conditions of a 
certain type. 

Chapter V, the liaison chapter, describes the transition from the situation in 
the first three chapters, where the integrand is simply a function of 2n+1 
variables, to the situation where it depends on a point in a Riemannian 
m-space R, and on a contra-variant vector at that point. It is assumed that 
the space R is covered by a simplicial complex which is a finite circuit. The 
restriction to finite circuits seems a pity as it excludes, for example, euclidean 
space. Why not take R to be the topological image of a simplicial complex, 
finite or infinite ?_ This would only involve a few obvious modifications in the 
subsequent assumptions and arguments. 

Chapter VI deals with the relations between the critical sets (i.e. the sets 
of points at which all the partial derivatives vanish) of a function defined over 
Rand the connectivities of R. One soon meets the first of the difficult pro- 
blems, namely that of showing that any critical set is equivalent, in a certain 
sense, to a set of m, non-degenerate critical points of type zero, m, of the first 
type, and so on, and of determining the integers mo, m,, ... ™,,- It should be 
explained that a critical point is called non-degenerate and of the kth type if 
the second degree terms in the expansion of the function at that point con- 
stitute a non-degenerate quadratic form of index k. The solution of the 
problem and the proof of the fundamental theorem, relating the connectivities 
Ry, R,, ... Ry», of R to the numbers 
summed over all critical sets, occupies the greater part of the chapter. 

A corollary of this theorem is that M; > R,, and M, — R; is called the number 
of critical points of the ith type in excess of those which are topologically 
necessary. The wording of this definition is a little misleading. For it is easy 
to show that, subject to suitable conditions of differentiability, a compact m- 
dimensional manifold on which there is a function with only two critical points, 
the maximum and the minimum, is an m-sphere. On the other hand, there are 
compact m-dimensional manifolds with the connectivities of an m-sphere 
which are topologically distinct from an m-sphere. The topology of such a 
manifold requires critical points in excess of those which are “‘ topologically 
necessary ”’. 

In the next two chapters the methods and results of Chapter VI are applied 
to the study of extremals in a Riemannian space, Chapter VII dealing with the 

boundary value problem and Chapter VIII with closed extremals. In each 
case there are special difficulties to be overcome which are as formidable as 
those met with in Chapter VI. 

The final chapter is devoted to the study of closed geodesics on an analytic 
Riemannian space which is topologically equivalent to an m-sphere. It is 
also shown how the various families of closed geodesics vary when the Rie- 
Mannian space varies analytically. The chapter is called “ Solution of the 
Poincaré continuation problem”, after Poincaré’s article on the closed 
geodesics on a convex surface, which he varied analytically through a family of 
convex surfaces terminating with an ellipsoid. J. H. C. W. 
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Trigonometrical Series. By A. Zyamunpb. Pp. iv, 331. $5. 1935. Mono. 
grafje Matematyczne, 5. (Warsaw) 

For some time now the need has been felt for a really adequate treatise on 
trigonometrical series. This want now seems to be met by Professor Zygmund’s 
monograph, which is likely to be the standard book on the subject for at least 
the next decade. Written in English by a Pole, and set up by a Polish com- 
positor, the text is remarkably clear and accurate. There are a few curious 
mistakes made when a word is broken at the end of a line (leading to words 
like fun-ction, ge-neralization, follo-wing and Li-ttlewood) but these serve 
only to draw attention to the difficulties that have been successfully overcome. 
To read the book through is easy to any one with a working knowledge of the 
Lebesgue integral, but it is possible that the casual reader may encounter a 
few difficulties of notation. There is a brief terminological index and back 
references are often given in the text, but any one opening the book at random 
may find it difficult to discover at what point the symbolism encountered is 
first introduced. The early pages are however well worth reading, even if they 
cover familiar ground, and once one has got the spirit of the book it is easy 
to read non-consecutively. 

After an introductory chapter, mainly on orthogonal functions, a chapter 
is devoted to the convergence of Fourier series and conjugate series. Formulae 
for the modified partial sums 


fay +Q,+...+G, +40, and b,+6,+...+b,_,+4b, 


are obtained which are slightly more elegant than the ordinary Dirichlet 
formulae, and the principal convergence tests are given. In the third chapter 
some of the better known theorems on Cesaro and Abel summability are given. 
In dealing with Cesaro means the author prefers to make a direct attack on the 
problem, instead of appealing to the equivalence of Cesaro and Riesz means, 
and he develops the technique for investigating the appropriate kernels in a 
concise and attractive way. The next two chapters are devoted to various 
classes of trigonometrical series and contain some important existence theorems 
used in the sequel. In Chapter Six the absolute convergence of Fourier series is 
considered, and in Chapter Seven complex methods are employed, and used in 
particular to show the existence almost always of 


lim [se +u) —f(x—1u)} cot du du, 
t0 Jt 


a limit of fundamental importance in the theory of conjugate series. In 
Chapter Eight strictly divergent Fourier series and the Gibbs phenomenon are 
discussed, and in Chapter Nine are theorems on Fourier coefficients and inte- 
gration of fractional order. Chapter Ten contains further theorems on sum- 
mability, Chapter Eleven the Riemann theory of trigonometrical series and the 
theory of formal multiplication, and in the last chapter Fourier integrals are 
briefly introduced. 

Each topic is treated in a masterly and polished way, and the author cannot 
be accused, like some less thorough writers, of killing the subject. He has 
brought it up to date and doubtless saved many people the trouble of re- 
discovering results which are not new, and has pointed the direction in which 
further discoveries may be made. Finally, there is an interesting set of 
examples at the end of each chapter, with sketches of solutions in most cases, 
and references to original sources. The book could only have been written 
by one who has spent years in pondering on the subject, and Professor 
Zygmund should be thanked for the time and trouble that he must have taken 
in preparing it. L. S. B. 
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The Search for Truth. By E. T. Bett. Pp. x, 279. 7s. 6d. 1935. (George 
Allen and Unwin) 

“ Materialist science at last has its Jeans, and he comes from America ”’, 
declares the dust-cover of this book. But the book is much better than that. 
Professor Bell is only materialist in the sense that he is opposed to idealistic 
deductions from science: he is not fool enough to oppose the Quantum 
Theory because it is not in accordance with materialist preconceptions. The 
best I can do to describe the book in one sentence is to say that it is an attempt 
to communicate the present atmosphere and some of the relevant history of 
mathematical physics by a mathematician of an empirical turn of mind with 
a sceptical temper who uses magnificently violent language. Professor Bell 
detests speculations that cannot be tested at this moment by experiment—the 
Expanding Universe, for example, about which it is ridiculous to say anything 
one way or the other until Hubble’s 200-inch mirror telescope is in action. Pro- 
fessor Bell’s sceptical empiricism is surely not the whole truth about scientific 
method (for what is the experimenter to confirm or refute except a theory 
previously thought of ?); but it is a salutary antidote to the popular works 
on science which treat of far-reaching cosmic speculations as ascertained facts. 
Dean Inge is severely trounced for listening to only two astronomers (pre- 
sumably Jeans and Eddington) in his God and the Astronomers; and Fourth 
Dimension charlatans are properly exposed. Apart from the invective, the 
things that I thought particularly good in the topics somewhat disjointedly 
discussed were the account of the methods of the eighteenth-century mathe- 
maticians and why these would be thought so unsatisfactory to-day, and the 
emphasis on the importance in the history of thought of Lobatchewsky’s 
non-euclidean geometry. 

But on one point I think that Professor Bell is definitely misleading. ‘“ In 
1930 the Polish logician Jan Lukasiewicz brought to completion work which 
does for deductive reasoning what Lobatchewsky’s challenging of the parallel 
axiom did for geometry. ... He showed that the ‘ laws of thought ’ to which 
habit has accustomed us for 2300 years (i.e. since Aristotle) are no more 
“necessary for a consistent description and correlation of our experience than 
was Euclidean geometry ’” (pp. 245-246). What Lukasiewicz has done is to 
construct formal deductive systems in which entities called “‘ propositions ” 
can have three or more “ truth-values”, thus showing that the system in 
which “‘ propositions ” have only two “ truth-values ” (“ truth” and “ fal- 
sity’) is a special case. Thus there are alternative “ logics ” just as there are 
alternative ‘‘ geometries’ and alternative “ arithmetics”, all these being 
treated as formal developments of arbitrary axioms which have in themselves 
ho meaning. But an entity to which Lukasiewicz gives three truth-value 
possibilities cannot be identified with a proposition, using this word in its 
ordinary sense as an object of belief, since it is part of the meaning of pro- 
position in this sense that it is either true or false ; this is a statement about 
our use of the word “ proposition”. It is an empirical fact whether or not 
euclidean geometry applies to our experienced world (and now we know that it 
does not), but it is not an empirical fact that Aristotelian logic applies to our 
world ; it is merely a question of the language we use. 

Thus though I agree with Professor Bell that an “ Eternal Absolute Truth ” 
devoid of all reference to experience is of no importance whatever, this is not 
because, as he thinks, there are a plurality of ‘ Absolute Truths ” all equally 
good, but because absolute truth is only the grammar of language. 

R. B. BRAITHWAITE. 
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A System of Logistic. By Witarp Van Orman Quinz. Pp. xi, 204. 20s, 
1934. (Harvard University Press ; Humphrey Milford) 

This book, as Dr. Whitehead says in a foreword, “ constitutes a landmark 
in the history of the subject”. Dr. Quine has attempted to produce a formal 
system which avoids two defects in Principia Mathematica—that of having to 
give separate calculuses for different sorts of entities, and that of requiring 
transitions of thought which are not formally stated. So far as I can judge, 
Dr. Quine has avoided both these defects successfully. He uses three funda- 
mental operations—the first applicable to any two entities forming them into 
a sequence, the second that of forming the class of all classes which include 
a given class, and the third that of forming the class of all the things of which 
a given statement is true (this corresponds to the class satisfying a pro- 
positional function of Principia Mathematica). The first operation—of forming 
a sequence out of any two entities—is not defined ; but a Theory of Types is 
elaborated in such a form that it is natural to interpret sequences of particular 
types as propositions, and classes of sequences of particular types as relations. 
The calculuses of propositions, of classes, and of relations of any order thus 
appear as special cases of a general calculus of sequences and a great formal 
simplification results. Dr. Quine develops his calculus from six postulates by 
means of four rules of inference, and shows that it yields all the theorems of 
Principia Mathematica. Thus his system is formally identical with Whitehead 
and Russell’s system, and of greater elegance and generality. His use of the 
Theory of Types, and his method of using classes instead of propositional 
functions (somewhat on the lines previously suggested by Ramsey), will give 
rise to controversy among philosophical logicians; but from the formal 
standpoint I have no doubt that this book is the most important improvement 
upon Principia Mathematica that has appeared. R. B. BRarTHwalrte. 


Affine Differentialgeometrie. By E. Satkowsx1. Pp. 204. Geb. RM. 10. 
1934. Gdschens Lehrbiicherei: 1 Gruppe, Band 22. (Walter de Gruyter, 
Berlin and Leipzig) 

It is natural to compare this book with the second volume of Blaschke’s 
Vorlesungen iiber Differentialgeometrie (Springer, 1923), which has “ Affine 
Differentialgeometrie ” as its sub-title, and to which Professor Salkowski 
refers with enthusiasm in his preface. Blaschke plunges directly into his sub- 
ject, with the ordinary vector notation, developing the theory of plane curves 
and space curves, and the elements of the theory of surfaces, and only in 
Chapter 5 does he bring in tensors and the absolute differential calculus, which 
for his purpose, confining himself to two dimensions, he summarises in ten 
pages. Salkowski, on the other hand, begins much more gently, with an 
excursus on the Erlanger Program, and introduces tensors right at the be- 
ginning for the case of affine transformations. The latter procedure is no doubt 
more systematic—and one of the principal aims of Salkowski’s book is to 
familiarize the beginner with the tensor calculus—but I must confess that I 
found Blaschke much easier to grasp, and his treatment has the advantage 
of bringing out the point that “ geometric invariants ” must be invariant not 
only with regard to the group considered (here the affine group, or one of its 
sub-groups), but also with regard to general transformations of the parameters. 

Salkowski’s book can, however, be recommended as an excellent account of 
the subject. He has chapters on plane curves, space curves, surfaces, ruled 
surfaces ; and his discussion of Laplace’s transformation and of the parallel 
association of surfaces (Chapters 8 and 9) appears to be new and to have no 
counterpart in Blaschke. Examples, often with references to Blaschke and 
to criginal papers, are scattered about the book; and the exposition is lucid 
and illuminating. F. P. W. 
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Einfiihrung in die Liniengeometrie und Kinematik. By E. A. Weiss. Pp. 
vi, 122. Kart. RM. 7.60. 1935. Teubners Mathematische Leitfaiden, 41. 
(Teubner) 

This is hardly a treatise for the beginner. We are prepared for a stiff task 
by the statement in the preface that absence of diagrams is due to the fact 
that the book deals mainly with space which is complex or of higher dimen- 
sions. And indeed little attempt is made to pander to any weak longings for 
easy reading. That any motion of a rigid body is equivalent to a screw 
demands a preliminary course in biquaternions. Flights into five dimensions 
and a discussion of non-euclidean geometry precede Morley’s theorem (if we 
start with three lines and keep on drawing shortest distances between pairs 
of lines, we get only two lines in all) and the familiar result that d tan 6 is 
constant, where d is the distance of any line of a linear complex from the axis 
and @ its inclination to that axis. Moreover, to add to our troubles, the 
notation is severely compressed. For instance, at the very outset (p. 1) we 
have (fn) and (x°x!2*x%) standing for determinants, while (ua) denotes 
Ugly +U,%, +Ug%+Ust3. But the expert who has already a working know- 
ledge of the linear complex and of the “‘ absolute ” in non-euclidean geometry 
will find condensed into small compass much to interest and stimulate 
him. “ Liniengeometrie”” means mainly the theory of the linear complex as 
developed by E. Study and others. “‘ Kinematik” is concerned chiefly with 
Cayley’s expression for an orthogonal transformation and its relation to 
quaternion theory. But other topics are introduced incidentally and com- 
bined attractively into the general line of argument. Assuming strict limita- 
tions of space and an intention of appealing solely to advanced readers, the 
author can claim that he has carried out his task successfully. 

Haroip Hinton. 


Altes und Neues vom Kreis. By W. Lirtzmann. Pp. iv, 48. RM. 1.20. 
1935. Mathematisch-Physikalische Bibliothek, Reihe I, Bd. 87. (Teubner) 


The skilful geometer sees every theorem of importance in a multitude of 
different settings, and the light and shade, if not the whole significance, varies 
with the setting. The ordinary schoolbook suggests rather the ideal of a single 
chain of reasoning, in which each theorem has one meaning and one place, 
and it is as a corrective to this tendency to inculcate a false ideal that Dr. 
Lietzmann offers his latest booklet. Again to change the metaphor, he invites 
us to see in the elementary geometry of the circle different strands of thought 
crossing and recrossing, converging to and diverging from the fundamental 
theorems. He has sections on axial symmetry, on circumscribed triangles and 
quadrilaterals, and on the angle property and the inscribed quadrangle ; par- 
ticularly illuminating is the emphasis on the metrical duality between the 
quadrilateral and the quadrangle. 

Nearly half the booklet is concerned with quadrature. Why did not Dr. 
Lietzmann reserve quadrature for another volume in this series ? When I 
think how he could have used the rectangle property, the elements of inver- 
sion, and the properties of coaxal systems, to illustrate his main thesis, I 
grudge the excellent pages he has devoted to 7. For want of a little space, 
even the discussion of the angle property has to stop short of referring to the 
simplicity introduced of recent years by the use of congruent line-pairs. 

Dr. Lietzmann’s booklet is in fact unsatisfying, literally : there is not enough 
of it. I hope he will accept this complaint as the sincere compliment it is 
intended to be. E. H. N. 
Q 











242 THE MATHEMATICAL GAZETTE 


Mathematical Tables. IV. Cycles of reduced ideals in quadratic fields. Pre- 
pared by E. L. Inck for the British Association Committee for the Calculation 
of Mathematical Tables. Pp. xvi, 80. 10s. 1934. (Office of the British 
Association, Burlington House) 

Though, from the nature of the subject-matter, “‘ Cycles of reduced ideals ” 
must appeal to a rather specialised set of people, to that set of people this 
volume must fill a great want. The tables are clearly set out and give much 
information in very small space. It is undoubtedly true that a good deal of 
this information was available before, but it has never been collected together 
so as to be easily accessible when required. 

In addition to the actual tables there is a short introduction. In the intro- 
duction we have, not only an explanation of the arrangement of the tables, 
but also a brief discussion of the subject of ideals. Perhaps the mathematician 
who had never studied the subject at all would find the explanations rather 
inadequate, but it would certainly be of great help to anyone who needed to 
be reminded of the terminology and general character of the theory. 

K. 8. 


A First Course in Educational Statistics. By E. E. Kramer. Pp. ix, 212. 
12s. 6d. 1935. (John Wiley and Sons, New York; Chapman and Hall) 

The authoress is Assistant Professor of Mathematics at the New Jersey 
State Teachers’ College, and has written this book “ to present... those 
statistical facts which form a necessary background for a proper understanding 
of educational literature and a minimum prerequisite for educational research ”. 
She has succeeded. There is, as far as we are aware, no book on the market 
covering a similar field. The work is sound, subject to the exceptions noted 
below, and will prove useful for the purpose in mind. The main characteristics 
of statistical distributions, classified in “‘ one way ” or “ two way ” (that is, 
double entry) tables are sketched out. The writer has clearly had experience 
in presenting her subject, and the treatment is pedagogically good. The 
weakest side is the fundamental one of mathematical, etc., logic, as indicated 
by: (1) on p. 4, the phrase “a mode. . . close to the average...” ; (2) the 
treatment of probability, ¢.g. from the definitions and data on pp. 84 and 85; 
(3) the method of setting out the test that (0, 0) lies on the line ay =bza (p. 67, 
cf. p. 145); (4) the remark that “‘ to obtain a square root (3-07) to two places 
it was necessary to keep four places under the radical sign ( ./9-4688) ” (p. 43); 
and (5) the question “ how many times would you expect to win ? ” (p. 85: 
read “ what is the most likely number of wins?”). There are some other 
points, of which we may note the following. The interpretation of the sym- 
bolism for computing 7 (p. 186) is not clear; N must be far more than 25 
(p. 156) for the formula 

1-r 
IN 
(p. 154) to be applicable ; r on p. 148 should be computed by the formula of 
p- 163 if it is desired to prove that it is perfect; Karl Pearson (“‘ On the 
Influence of Natural Selection ...”, Phil. Trans. 1902), as the reviewer has 
recently (British Association, 1933) pointed out, should be given the credit 
for correcting the misinterpretation of the correlation coefficient in cases of 
heterogeneity. The Appendix of Formulas would be more valuable if the page 
reference were given; @Q, in this, as on p. 119, does not seem to be defined. 
The bibliography is too limited, in particular in referring to but three British 
works, namely, Yule, Brown and Thomson, and Caradog Jones. The book 
is well got up; we have noticed only two misprints—p. 154, where for 


or 
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0-70+0-02 read 0-70+0-02, and p. 195, where the last column should be 
headed “score x frequency”. The arithmetical notation for 7 x 8/7 x10 
(p. 155) is, however, confused with that for (3+6/7)=N (p. 177). One or two 
pages are awkwardly pasted in the review copy. F. Sanpon. 


The Natural Logarithm. By SmC.V. Boys. Pp. 31. 2s. 1935. (Wight- 
man) 

The author recalls the suspicion with which he read Todhunter’s account of 
exponential and logarithmic theory sixty years ago, asks himself how he, 
professedly not a mathematician, would be disposed to treat it now, and 
presents us with the result. 

He starts with the definition of the logarithm as the area under a hyperbolic 
arc. As a first approximation he replaces the arc of the hyperbola by the arc 
of a parabola with the same terminal tangents. The area can now be obtained 
in exact terms by elementary methods and he writes 


_b-afl 2) 
plogbia=>5"| 7 +3} 


where a, 6 are the terminal abscissae, H and A their harmonic and arithmetic 
means. By comparing the expansions of 


lo; a+l lo: Tbe lo a+l ph Maa 
Pp 1g a ? Pp Bo -1’ Pp S.-i’ P™65-1' 


he shows that the first four terms in p log(a+1)/a are correct and obtains 
the correct form for the 6th and 8th. But the crux is the term in a. To 
determine the correction necessary here he compares 


\ a+l1 | _ eee fal a+l1 
plog——, plog-—5, plog-—|, 
and noting that the last “ bridges twice the range” of the others, he shows 
that the coefficient should be reduced from 5/24 to 1/5. 
Armed with this knowledge he proceeds to his second approximation. He 
modifies his parabola so as to make it lie just outside instead of just inside the 
hyperbola. The extra area bitten out is 


2-a)(1_ 1) 
3 \H, 4,J 
where H, and A, are the means of H and A. 
‘ ‘ 1 1 = wp & ( 1 1 
Putting b=a+1 and expanding (x - ra » he finds that, if 5 \H, z) 
is subtracted, the coefficient of a, and, as it happens, that of a~® also, is 
reduced to the proper value 1/5. Thus his final result is that the expression 


1{ 2a+1 ays 1 


3 {peer tae 1f 15 2(2a+1)®—3(2a+ 1) + (2a +1) 

gives an expansion coinciding with the series a~!-ja~*+ 4a-*... as far as 
a with small errors in the terms in a~? and a~*. As to what happens beyond 
that he gives no evidence. As a matter of fact his results are correct to ten 
places of decimals for a>8; to eight places for a=4; to six places for a=2. 
But at all events for small values of a the error cannot be predicted from the 
known errors in the terms in a~’ and a-*; it is only comparison with the 
values as ordinarily calculated that shows how far his results are trustworthy. 
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The method is interesting as showing how by a simple adjustment an 
approximation to the area under the hyperbola can be easily obtained. Even 
the first approximation gives good results, correct to six places from a=7, and 
if a~boy went no further than this he would gain something of value. But it 
fails at two critical points: as already noticed it does not in itself afford a 
reliable criterion of the degree of accuracy ; and, what is more serious, it does 
not lead to the complete theory. It is a side-track, but an interesting side- 
track. 

As concerns the mechanical labour involved, the reviewer does not find 
much difference between working from the author’s formula and from the 


series 
1 1 
eas 
\2a+1 3(2a+1)8 } W.C.F. 


Examples in Arithmetic. By H. M. Epwarps and M. Attey. Pp. 67, 32, 
36. The whole book with answers, 3s. 6d.; without answers, 3s.; Part I, 
ls.; Part Il, 9d.; Part III, 9d. Answers to each part, 6d. each. 1934, 
(T. Victor White, Liverpool) 

This is a neatly arranged collection of graduated exercises, with occasional 
worked examples inserted to show the style, and contains also 30+20+20 
short test papers. 

Part I provides examples of the ordinary type suitable for junior scholars 
and can be obtained in a stout writing case with spring back and supply of 
writing paper for 2s. 6d. 

In the other two parts, which are intended for older children, there are 
attempts to bring the exercises into contact with everyday life, and some of 
these exercises are interesting and instructive, but others do not show that 
the conditions of everyday life are sufficiently appreciated by the authors. 
Simple interest is reckoned for many years—very rarely for short periods; 
profit and loss take no account of the middleman’s expenses other than his 
payment for the goods ; rates are treated generally from the point of view of 
the Borough Council rather than from that of the householder; a house- 
holder’s expenses for lighting, heating, etc., seem to be generally ignored. 
On page 23 of Part II there is an attempt to deal with income tax: the single 
man who earns £360 a year and has an income of £300 from investments is 
allowed % of his total income free of tax and a personal allowance of £100, 
and pays 2s. 6d. in the £ on earned income and 5s. in the £ on unearned income. 

In Part III vulgar fractions are sometimes used where decimals would be 
more appropriate. For instance, on page 10 the cost of £1850 stock at 99 is 

1850 x 99 3663 


worked out as £ —  e cash and “ cancelled down ” to is , instead of 

£(1850 — 18-5) at once ; on page 14 the income derived from £850 4 per cent. 
4 850 x 4 ‘i 

stock is worked out as ‘— - and “ cancelled down’, instead of £8-5 x 4. 


A few obvious errors will doubtless be corrected in a future edition : 

Part II, p. 23. A bankrupt with liabilities £5500 and assets £1760 pays 
only 7d. in the £. The valuable habit, not inculcated, of making a preliminary 
rough estimate would prevent such an obvious mistake. 

The following instances occur in Part IIL: 

P. 13. “ 2,2210” is printed instead of “ 2,210”. 

P. 26. A graph of the amount at compound interest of £1 at various rates 
is required for “1 year”. 

P. 29. The “ volume ” of metal in an iron pipe is required to the “ nearest 
ton”. 
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P. 34. ‘The “ volume of a cylinder of radius 2 inches and height 34 feet ” 
is required in “‘ sq. inches ”. 

P. 34. The number of “ tins 3 ins. by 2 ins. by 1 in.” that can be cut from 
“a piece of tin 20 inches square, assuming the tins have no lids” is ambiguous. 

P. 35. If both casks are full, a quantity cannot be taken from one and 
poured into the other; if not, the quantity originally in each cask must be 
stated. 

P. 36. Cadbury’s 74 per cent. preference shares appear to be £1 shares, 
but this is not stated. W. J.D. 


Eléments de Géométrie Plane. I. La droite et le cercle. Pp. vi, 144. 14 fr. 
1934. II. La similitude et les aires. Pp. vi, 104. 10 fr. 1934. Cours de 
Géométrie. I. Géométrie plane. Pp. viii, 272. 20 fr. 1935. By H. Estivz 
and H. Mrrautt. (Gauthier-Villars) 

It seems useless in this review to attempt to estimate to what degree this 
course of geometry will be valuable for those for whom it is intended or 
whether it is likely to supplant other books intended for the same classes. 
Suffice it to say that the series of books is carefully planned and lucidly written. 

It seems more likely to be useful to readers of the Gazette to note the out- 
standing differences between this course and the type of geometry book now 
commonly used in England and to suggest that teachers of mathematics in 
English schools would find it both interesting and profitable to make them- 
selves acquainted with a course of geometry which presents subject-matter 
more or less the same in a manner so different *. 

The two volumes of Eléments are intended as an initiation into geometry 
for complete beginners. The members of Class IV (average age 13), for whom 
the first volume is meant, have for two years previously spent two hours (of 
class) weekly on arithmetic and have done no algebra or geometry. They now 
have three hours weekly and start geometry, with which in Class IV they do a 
little arithmetic while in Class III (average age 14), using Volume II, a start 
is also made at algebra, the geometry being the more important part of the 
mathematical work in both these years. 

Before going into details here are some general comparisons. In this course 
the exercises (except for a very few scattered through the text) are at the end 
and occupy between 3 and 4 of the total space. In the two volumes of the 
Elements 290 examples occupy 36 pages out of 250. In Vol. I of the Cours, 331 
examples take up 43 pages out of 269. This is much less space given to exer- 
cises than in English books where the fraction would be nearer } than $ and 
might easily be more. 

The method employed throughout is that of “‘ discovery ” ; for example a 
section is headed “‘ Study of the figure formed by a circle and two intersecting 
secants ” and ended by “ Whence the following enunciation. Theorem. If... 
PA.PB=PC.PD”. And in this case, though not in all, the general enuncia- 
tion is given also. 

It is supposed throughout that teaching by the master with the collaboration 
of the pupils precedes the use of the book. “ We think that if the oral lesson, 
to be alive, should leave a large part to the initiative of the pupils, the book 
ought to codify the word of the master and give the pupil when he studies his 
lesson a picture, clear but not necessarily chronological, of what has been 
brought to light in the preceding class ”’. 

Turning to Vol. I, for Class IV of average age 13, the first thing that will 
strike the English teacher is that the generally accepted view that children 


* See in connection with this review the article by Prof. Minois, pp. 189-191 of 
this Gazette. 
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mature more rapidly in France than in this country and are approximately 
a@ year earlier in intellectual development is borne out by the kind of material 
on which they commence geometry. 

The early work is definitely more advanced—needing more careful attention 
to explanation and reasoning—than in English geometries. Chapters I, II 
and IIT discuss congruence properties in which the parallel postulate is not 
used, parallels being reserved till Chapter IV. In dealing with congruence 
the method of superposition is used freely, a print (calque) of one figure being 
placed on another. The first two cases of congruence for triangles are the ASA 
and SAS cases in this order, and in deducing the conditions for congruence use 
is made of the theorem that in an isosceles triangle the median and altitude 
coincide. A striking instance of unusual order is the introduction, before 
parallels are touched, of the inequality theorems including that which is con- 
cerned with two triangles in which two pairs of equal sides contain unequal 
angles, and also of the theorem that the tangent at a point of a circle is at right 
angles to the radius. 

Here are some puzzles : 

(i) How do you prove without using parallels (a) that the tangent is per- 
pendicular to the radius, (6) that the other angles of a right-angled triangle 
are acute (exterior angle not used) ? 

(ii) In what respect does a “‘ convex broken line” differ from a ‘‘ convex 
polygonal line ” ? 

(iii) What are “ rhomboide ” and “ lozange ” ? * 

The remaining three chapters of Vol. I deal with angle properties (angle-sum, 
angles in a circle), quadrilaterals and concurrent lines in triangles and polygons. 
Of the angle properties of the circle that which is taken first is a modified form 
of the alternate segment theorem (the angle between tangent and chord is 
half the angle at the centre). This order has the advantage that to prove the 
angle at the centre double that at the circumference only one case is needed. 

Vol. Il, for average age 14, begins with a chapter on the ratio of two seg- 
ments and the division of a segment in a given ratio in two places. Chapter II 
gives the theorem of Thales (that of proportional division) and its converse, 
and includes the property of the bisector of an angle of a triangle. Chapter III 
discusses similarity of triangles and of polygons ; it is to be noticed that the 
3-side case of similarity does not use the figure with two opposed congruent 
triangles but uses the same type of figure as in the other cases, a parallel being 
drawn to the base of one of the triangles. 

Chapter IV deals with metric relations in the circle and the triangle, metric 
relations being those which demand the same unit of length in different 
directions. It comes as rather a shock to find how little stress is laid on 
Pythagoras’ theorem. Of the metric relations the rectangle property of the 
circle is introduced first and to it, with its special case and converse, 64 pages 
are devoted. Rather less than a page deals with Pythagoras’ theorem, which 
is proved by means of a tangent and secant-diameter of a circle (see appendix 
to the forthcoming Geometry Report). The mean proportional properties of 
a right-angled triangle follow and what we call the extensions of Pythagoras 
proved from the rectangle property of the circle. Then come some construc- 
tions ; mean proportional and others such as finding two lengths being given 
their mean proportional and difference; these constructions conclude 4 
chapter full of matter and full of interest on the grounds of novelty of 
presentation. 

* The answer to (iii) is “ kite” and “rhombus”. It seems a pity that in this 


country rhomboid should be used (as it seems to be) as an unnecessary duplicate 
of parallelogram. 
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A short chapter on the length of a circle is followed by a chapter on area 
which ends the volume. Here after a preliminary explanation of what area 
means we have the area of rectangle, of triangle, of polygons (including 
parallelogram and trapezium) and of circle ; the concluding sections dealing 
with areas of similar triangles and the bisection of a triangle by a parallel to 
the base. 

For the Second Class, average age 15, there are four hours (of class) weekly 
for mathematics, but as algebra is begun there cannot be much change in the 
time given to geometry. 

Here we come to the Cours de Géométrie, Vol. I, and a glance at it will show 
that we have very definitely reached the “ consolidating ” or “ systematizing ” 
stage (in French it sounds more ambitious still—the period “ de perfectionne- 
ment’). In this “‘ though there is no pretension to build up a purely abstract 
geometry, yet a greater loyalty towards the enunciation of postulates appears 
to the authors as being both a means of culture and a simplification ”’. 

In the first three of the four “ books ” of this volume (which is nearly as 
long as the other two together) there is not a great deal that is new; the 
theorems of Menelaus and Ceva and something about harmonic division is 
almost all; but the point of view adopted in what amounts to a careful 
revision of the whole of the previous work is quite fresh. There are two main 
parts, Linear Geometry and Metric Geometry, of which the first occupies 
Book I and the second Books IT and III. 

In Book I are studied, parallelism, translation, transposition (point-sym- 
metry) and homothety. The theorems of Menelaus and Ceva are taken, the 
proof of the former, using the product of two homotheties, being quite different 
from that in common use in England. In discussing areas from the linear 
point of view the familiar figure of two equal parallelograms on the same base 
appears for the first time. 

Book IT goes on to metric geometry which (as already mentioned) “ exacts 
the same unit of length in two different directions”. Here all the early work 
on angle is passed in review (vertically opposite angles, p. 63; exterior angles 
of a polygon are equal to four right angles, p. 70) mainly from the point of 
view of rotation and symmetry. 

Book III is devoted to constructions which are divided into “ linear” 
ones involving ruler and set-square, and “ metric” ones involving ruler and 
compass. All the elementary standard constructions are gone through includ- 
ing some of the tangencies (P.P.L. and P.P.C.), the solution of quadratic 
equations (to find a and b given a+b and ./ab) and the construction of a 
square equal to a given rectangle. 

Book IV contains two chapters, on Vectors and Trigonometry. The former 
includes centre of gravity and scalar multiplication. The latter is (to English 
eyes) a most surprising chapter. Trigonometry as far as the addition theorems 
is dealt with in 14 pages and a little over 20 exercises, none of which are 
numerical solutions or the familiar problems on heights, etc. The cosine of an 
angle is defined as the scalar product of two unit vectors and the sine as the 
co-cosine. For a triangle, the formula for the area and the sine and cosine rules 
are proved, and also for a cyclic quadrilateral the formulae xy=ac + bd and 
«/y=(ad +bc)/(ab+cd). Such things as the formula for tan (A + B) and cos 2A 
are left as exercises, and there are others which on this side of the Channel 
would hardly be set to those who had done trigonometry for less than two 
years: for example, the area of a triangle is 

3R*(sin 2A + sin 2B+sin 2C). 
It is difficult to believe that this chapter will not need a good deal of additional 
matter with easier examples to be furnished by the teacher. 
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Vol. IL of the Cours (not yet to hand) is to deal with solid geometry for the 
members of Class I, of average age 16, and, according to the preface, is to be 
divided somewhat similarly to Vol. I in that the study of parallelism is to 
precede that of perpendicularity. 

It remains to remark that if one of the main benefits of foreign travel is to 
get away from an accustomed environment into strange surroundings, some 
of these benefits may easily, cheaply and profitably, be obtained by the 
purchase and study of this most interesting series of textbooks. 

C. O. Tuckey. 


Erreurs de Mathématiciens des origines 4 nos jours. By M. Lxcar. Pp. 
xii, 167. 18 belgas. 1935. (Librairie Castaigne, Brussels) 

The title of M. Lecat’s book is alluring ; the contents, however, are severely 
professional, since the author is concerned merely with listing the occurrence 
of errors and their correction. The page, printed in four columns on one side 
of the paper, running north and south instead of in the more usual arrange- 
ment, can be appreciated by an example taken more or less at random. 


*‘ Hermite, Charles. Né le 25-xii-1822, 4 Dieuze (Mos.); m. le 14-i-0l, 
& P. 1856, Me. It. (Sc); 67, Pr. Ee. Pol. ; 69, Fac. Se.P.—Vir Arithmeticus. 

Arithmologie—Formes quadratiques n-aires. Théoréme d’ot H. déduit 
lexistence de formes réduites. [182].|[Premiére lettre 4 Jacobi]. J. r. ang 
Math. 40 (1850), p. 261/78; Oeuvres, t. I, Paris, Gauthier-Villars, 1905, p. 
100/21. | V. A. Lebesgue (1791/1875) trouve que les démonstrations sont 
insuffisantes. | Sur la réduction des formes quadratiques définies positives ... 
J. Math. pures appl. (2) I (1856) p. 401/6 ”. 

The number in clarendon type is the serial number of the error, and runs up 
to 476. The main list is in alphabetical order: it is indexed and cross-indexed 
by lists of subjects, of periodicals containing errors, of periodicals correcting 
errors, a chronological list of errors and of corrections, lists of authors com- 
mitting errors and of authors correcting errors. There is also an appendix 
which by means of short extracts from the mass of papers contributed to the 
controversy gives a good account of “la plus audacieuse imposture qui ait 
jamais été ourdie ”, of which Chasles was the dupe and Vrain-Denis Lucas the 
villain. 

Circle-squarings are excluded—in view of the title we might almost say 
naturally ; so too are “ proofs ” of the parallel postulate, and all but a selected 
few of the thousands of “ proofs” of Fermat’s Last Theorem. What light 
relief there is comes from footnotes in which the author expresses strong 
opinions on a variety of non-mathematical topics. T. A. A. B. 





1019. JAPANESE EpvcatTIon. 

It was strange to come upon a boy working equations from Godfrey and 
Siddons’ Algebra, while he was acting as gate-keeper to a sacred enclosure in 
the centre of Japan.—Contemporary Review, Sept. 1933, p. 338. 

1020. An early instance of the use of coordinate geometry of more than 
three dimensions (apparently with an arbitrary origin !) : 

“ Then let him be Dictator 
For six months and no more, 
And have a Master of the Knights 
And axes twenty-four ”’. 
—Lord Macaulay, The Battle of the Lake Regillus. [Per Mr. J. T. Combridge.] 





PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD. 
THE UNIVERSITY PRESS, GLASGOW 





he 


me 
the 


RY. 
Pp. 


ely 
nee 
ide 
ge- 


01, 


uit 
ang 
?p. 
ont 


xed 
‘ing 
»m- 
dix 
the 

ait 
the 


say 


ight 
‘ong 


and 
re in 


chan 


ge.] 








July, 1935 
GENERAL TEACHING COMMITTEE. 


ScHoon LIBRARIES. 


A Sus-CoMMITTEE has been appointed to draw up a new list of books suitable 
for school libraries. This will replace the list of 1926 which is now out of 
print. 

Members of the Association are invited to suggest titles of books that ought 
to be included, and to add any information which may help the sub-committee 
to write short descriptive comments such as were included in the 1926 list. 

The titles may conveniently be given in the form : 

Ledwith, 8. J. C. Antiquated Geometry. Pp. 800. 50s. (Oxbridge) 
and should be sent to 


Miss M. Punnett, 17 Gower Street, London, W.1. 


SYDNEY BRANCH. 
REPORT FOR THE YEAR 1934. 


THERE are at present 121 associates of the Sydney Branch and 20 members 
of the Association connected with it: 141 in all. The distribution of the 
Gazette has proceeded satisfactorily. 

Two meetings were held during the year. At the first of these, Mr. Turner 
spoke on “ The Concept of Time”. The lecturer traced the history of the 
concept, and also of the means of measuring time. 

The second meeting of the year was the Annual Mecting. Reports were 
received from the Hon. Treasurer and the Joint Hon. Secretaries. Office- 
bearers for 1935 were elected as follows: President: Professor Wellish ; 

“Hon. Treasurer: Mr. A. L. Nairn ; Joint Hon. Secretaries: Miss E. A. West, 
Mr. H. J. Meldrum. 

At this meeting Professor Carslaw tendered his resignation as President of 
the Branch. This decision was due to his retirement from the Chair of Mathe- 
matics in the University of Sydney. Professor Wellish, Mr. Robson, Mr. 
McMullen and Miss Le Plastrier expressed appreciation, on behalf of all 
members of the Branch, of the work that Professor Carslaw had done in the 
cause of education in New South Wales during his occupancy of his present 
position. Professor Carslaw was instrumental in forming the Sydney Branch 
of the Mathematical Association in October, 1910. He has served on the 
Board of Examiners for the Intermediate and Leaving Certificate Examina- 
tions since the founding of that Board. He has always been foremost in 
initiating and in advocating educational reforms. As a mathematician his 
reputation is world-wide. 

Members generally expressed appreciation of Professor Carslaw’s intention 
to reside in New South Wales after a sojourn abroad in 1935. 

E. A. WEst, Joint Hon. 
H. J. MeLprum, } Secretaries. 


YORKSHIRE BRANCH. 


Tae Autumn Meeting was held on Saturday, 17th November, 1934, at The 
University, Leeds. The President, Mr. Montagnon, was in the chair, and there 
were forty members and friends present. The Financial Statement presented 
by the Treasurer, Miss Shapley, was adopted. The following committee was 

ix 
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elected: President, Mr. A. Montagnon ; Vice-Presidents, Miss Mathews, Mr. 
R. M. Gabriel; Hon. Treasurer, Miss N. G. Shapley; Hon. Secretary, Mr. 
J. D. Edington ; Committee, Misses Reeve, Shaw, Wilman; Messrs. Barnes, 
Wilkinson, Reynoulds, Smeal, Watts, Lt.-Col. Mozley. 

Professor F. P. Wilson, Professor of English, Leeds University, gave a very 
interesting paper entitled “‘ English Literature and the Royal Society in the 
Seventeenth Century ”’. 

The Branch held its Annual Dinner on Saturday, 16th March, 1935, at the 
Griffin Hotel, Leeds. Mr. Montagnon presided, Professor G. N. Watson was 
the guest, and there were thirty-three members and friends present. 

Mr. Watts proposed the toast of “ Our Guest” and Professor Watson 
replied. Mr. Gabriel proposed the toast “‘ Those who taught us”; Mr. Peaker 
replied. Mr. Oldfield proposed the toast of ‘‘ The Yorkshire Branch ” and the 
President replied. 

Striking tributes were paid to our late president, Dr. Stoneley, by Professor 
Milne and Professor Brodetsky, and the Branch sent him a message of con- 
gratulation on being elected a Fellow of the Royal Society. 

Mrs. Whitehead gave two recitations during the evening. The secretary 
acted as toastmaster. 


THE LIBRARY. 
160 CastLe Hitt, READING 


My Dear Lrerartan,—Although you have not reproached me in public, you 
have known as well as I and I have regretted as sincerely as you that the set 
of Montucla’s Histoire des Mathématiques which you accepted from me in 
January was anything but ideal from a librarian’s point of view, combining 
as it did volumes 1-2 in the original edition of 1758 with the continuation to 
volumes 3-4 which followed the revision of 1799. I have just come across 
volumes 1-2 in the revised edition, and I should like the Association to benefit 
by this happy chance if you will accept these volumes to render your set 
complete in both editions. Yours sincerely, E. H. NEVILLE. 


Reading, 20th May, 1935. 


My Dear Ex-PreEsipEnt,—All is forgiven. Thank you. 
Yours sincerely, E. H. NEVILLE. 


Reading, 21st May, 1935. 


The volumes referred to in this correspondence were still unbound, and 
protected only by the stout blue paper common at the time of their publica- 
tion. Examination showed that the compositor originally set up the half- 
titles for these volumes in the form 


HISTOIRE 
DES 
DES MATHEMATIQUES 


The blunder was discovered in time and the half-titles in the volumes are 
correct, but the frugal printer used up the spoilt pages as end-papers. 

Was it by another blunder that the author’s initials are given on the title- 
pages of the second edition as J. F. ?. He was certainly Jean Etienne Montucla, 
and there is no other name under the portrait in the third volume or in the 
Catalogue of the Bibliothéque Nationale, which however reproduces the J. F. 
without comment. 
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RESEARCH IN THE TEACHING OF MATHEMATICS xi 


RESEARCH IN THE TEACHING OF MATHEMATICS. 


FoLLOWING on a paper on research in the teaching of mathematics read not 
long ago at a meeting of the London Branch of the Mathematical Association 
by Professor Hamley (of the University of London Institute of Education), 
he was asked to suggest subjects of research which might be undertaken by 
members of the Association. Below is a list of suggestions supplied by him 
in response to this request. 

We—Professor Hamley and I—shall be glad if any correspondence about 
the topics contained in this list may be addressed in the first instance to me. 
I will, of course, wherever necessary, refer inquiries to him. It will also be 
convenient if those intending to take up any of the subjects suggested will 
be kind enough to let me know that they are doing so. 

17 Gower Street, London, W.C. 1. MARGARET PUNNETT. 

June, 1935. 





1. Research involving chiefly observations and systematic records, with 
periodical formal tests where these are suitable : 

(a) Individual differences ; methods used by exceptional children ; the 
errors made by weak pupils ; sex differences. 

(b) The attitude of children towards mathematics; the effect of work 
that is too easy or too difficult ; the influence of failure or of un- 
interesting subject matter; the influence of examinations; the 
value of practical mathematics ; attitude towards abstract mathe- 
matics. 

(c) Comparative methods of teaching mathematics, e.g. individual and 
group methods of teaching ; self-correction and teacher correction ; 
supervised and unsupervised study ; the use of textbooks. 

(d) The problem of interest; the effect of interest on achievement ; 
teaching devices ; apparatus to arouse interest. 

(e) The transfer of training from the study of mathematics to other 
subjects and to life. 


2. Investigation into ‘‘ number-schemes number-forms ”’, ‘‘ number- 
patterns ’) and their apparent value to the children who possess them. 


” Cr 


3. Planning and testing of special courses of study for senior schools, central 
schools, the non-mathematical VI Form. 


4. Experimenting with tests such as the following : 
(a) Tests for the analysis of errors and of the results of remedial teaching, 
especially in arithmetic and elementary algebra. 
(b) Diagnostic tests of mathematical ability and disability. 
(c) Prognostic tests of ability in mathematics. 
(d) Attainment tests in arithmetic at various stages ; also in algebra and 
geometry. 


5. An examination of the fundamental concepts of mathematics appropriate 
to the school course. A course of “ general mathematics” based on these 
concepts. 


’ 


6. A “ factor analysis’ of mathematical ability (imagery, memory, per- 
ceptual ability, conceptual ability, reasoning, etc.). The analytical methods 
of Hotelling or Thurstone are suggested. 
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BOOKS RECEIVED FOR REVIEW. 


Sir C. V. Boys. 7'he natural logarithm. Pp. 31. 2s. 1935. (Wightman) 
T. Chaundy. The differential calculus. Pp. xiv, 459. 35s. 1935. (Oxford) 


E.Colerus. Vom Hinmaleins zum Integral. Mathematik fiir Jedermann. Pp. 404, 
1935. (Zsolnay, Vienna) 


H.M. Cook. The citizen and his money. Pp. 93. 2s. 1934. (Privately printed) 3 
8. H. J. Cox. A concise algebra. Pp. viii, 164, xxii. 2s. 6d. 1935. (Rivingtons) 


P. A.M. Dirac. The principles of quantum mechanics. 2nd edition. Pp. xi, 300. 
17s. 6d. 1935. International series of monographs on physics. (Oxford) 


E. W. Golding and H.G. Green. Elementary practical mathematics. II. Pp. xii, 4 
188. 1934. JI. Pp. xiv, 171. 1935. 5s. each. (Pitman 


W.C. Graustein. Differential geometry. Pp. xi, 230. $3.00. 1935. (Macmillan) 4 
C. W.R. Hooker. What is the fourth dimension? Pp. vii,110. 5s. 1934. (Black) © 


G. Juvet. Legons d’ Analyse vectorielle. II. Applications de V’analyse vectorielle, ~ 


Introduction 4 la physique mathématique. Pp. 306. 80fr. 1935. (Rouge, Lausanne; ~ 
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